
Hydrogen

As an example of absorption and emission by 
atoms/molecules



Kaler

Complexity of the energy level 
diagram

Here is the example of O II 
transitions
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QM versus classical physics

 Action, [energy]∙ [time] or [momentum] ∙ [ distance], is 
quantized in unit of ℏ

 Heisenberg’s uncertainty principle

 Pauli exclusion principle

Harwit
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A photon with 𝜈 has momentum 𝑝 = Τℎ𝜈 𝑐

The de Broglie wavelength 𝜆 =
ℎ

𝑝
=

ℎ

𝑚𝑒𝑣

OK only if an orbit of circumferences = 𝑛 𝜆 (standing waves), so 

2𝜋 𝑎𝑛 = 𝑛 𝜆 =
𝑛ℎ

𝑚𝑒𝑣
→ 𝑎𝑛 = 𝑛 𝜆 =

𝑛ℏ

𝑚𝑒𝑣

Orbital angular momentum, 𝐿 = 𝑚𝑒𝑎𝑛𝑣 = 𝑛ℏ

Balance of Coulomb force and centrifugal force ,  
𝑒2

𝑎𝑛
2 =

𝑚𝑒 𝑣2

𝑎𝑛

𝑎𝑛=
𝑛2ℏ2

𝑚𝑒𝑒2

𝜈 = 𝑅∞ 1 +
𝑚𝑒

𝑀

−1
Τ1 𝑛1

2 − Τ1 𝑛2
2 = 3.28805 × 1015 1

𝑛1
2 −

1

𝑛2
2 [Hz]

= 0.53 𝑛2 [Å] ∝ 𝑛2 (𝐁𝐨𝐡𝐫 𝐫𝐚𝐝𝐢𝐮𝐬)
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Lowest state of H, 𝑝2 𝑟2 ≈ ∆𝑝2 ∆𝑟2 ≈ ℏ2

Virial theorem, 2𝐸𝐾 + 𝐸𝑝 = 0

Lowest (ground state) energy 

ℰ1 = −
1

2
𝐸𝑝 = −

1

2

𝑍𝑒2

𝑟
= −

1

2

𝑝2

𝜇
≈ −

1

2𝜇

ℏ2

𝑟2

𝑍𝑒2

𝑟
=

ℏ2

𝜇𝑟2
⇒ 𝑟 =

ℏ2

𝜇𝑍𝑒2
(𝐁𝐨𝐡𝐫’𝐬 𝐫𝐚𝐝𝐢𝐮𝐬)

ℰ1 = −
1

2

𝑍𝑒2𝜇𝑍𝑒2

ℏ2
= −

1

2

𝑍2𝜇𝑒4

ℏ2

For H, 𝑍 = 1, ℰ1 = −13.6 eV, 𝑟 ≈ 5.3 × 10−9 [cm]

𝜇: reduced mass; 
effective mass as a single body

1

𝜇
=

1

𝑚1
+

1

𝑚2

𝜇 =
𝑚1𝑚2

𝑚1 + 𝑚2

𝜇 ≤ 𝑚1, 𝜇 ≤ 𝑚2
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Electron Orbitals

𝒏 = 1, 2, 3, 4, …,
𝐾, 𝐿, 𝑀, 𝑁, … Principal quantum number ↔ Energy

ℓ = 0, 1, 2, … , 𝑛 − 1, 
𝑠, 𝑝, 𝑑, 𝑓, 𝑔, ℎ, 𝑖, … Orbital quantum number ↔ Ang. Momentum
sharp, principal, diffuse, fundamental, …

𝒎𝒛 = 0, ±1, ±2, … , ±ℓ,
Magnetic quantum number ↔ AM Direction 

 An 𝑠 state has no angular momentum; a 𝑝 state AM = 2 ℏ.
 In H, 𝑛 = 1, ℓ = 0
 𝑛, ℓ, 𝑚𝑧 in unit of ℏ

e.g., Iron (𝑍 = 26) K-alpha at 6.4 keV in X rays
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Selection Rules 

For an allowed transition

 ∆𝑛 no restriction 

 ∆ℓ = ±1

 ∆𝑚 = 0, ±1

s       p     d       f

Chap 2.1 Hydrogen
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Spherical harmonics
ℓ = 0, 4 and

𝑚 = 0, ℓ

https://en.wikipedia.org/wiki/Spherical_harmonics


A subshell, i.e., a given pair of quantum numbers 𝑛 ℓ
has  2 2ℓ + 1 electronic wave functions.

For multi-electron atoms, Pauli exclusion principle forbids 2 
electrons sharing the same wave function.  

An 𝑠 subshell has at most 2 electrons; a 𝑝 subshell at most 6, and 
a 𝑑 subshell up to 10.

An electron has a spin of 1/2.  Projection onto the 𝑧-axis can 
have only  − Τℏ 2 or + Τℏ 2, not distinguishable (degenerate) if 
there is no external field.  Each electron has orbital angular 
momentum ℓℏ, and spin angular momentum ℏ/2.

Chap 2.1 Hydrogen 8



Exercise

Atomic carbon has 6 electrons.  What is its ground 

state configuration?  

A: 2 in 1𝑠, 2 in 2𝑠, and 2 in 2𝑝; 1𝑠2 2𝑠22𝑝2

Chap 2.1 Hydrogen 9



In general, 

Total angular momentum (added in the vector sense) ℒℏ, 
Total spin angular momentum 𝑆ℏ, L-S coupling (spin-orbit 
interaction; fine structure)

Each ℒ, 𝑆 , called a term,  is designated by 𝟐𝑺+𝟏𝓛𝒑 , where
ℒ = 𝑆, 𝑃, 𝐷, 𝐹, …, for orbital momentum ℒ = 0, 1, 2, 3 … and 
𝑝 =“blank” (for even parity; whether the wave function changes 
sign thgough origin) or “𝑜” (for odd parity)

Total electronic angular momentum, 𝐽ℏ

Transitions connecting two terms are called multiplets.  Terms 
with two/three possible 𝐽 values, are called doublets, triplets, etc.10



A term, with 𝐿 and Ԧ𝑆 vectors (may point to different directions) 
has a multiplicity of 𝑔 = 2𝑆 + 1 2𝐿 + 1 .  

Including spin-orbit coupling, each state is split into sub-states, 
each with 𝐽, with a degeneracy 𝑔 = 2𝐽 + 1 .
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 For H, 𝑛lower = 1 (Lyman, 1906),     2 (Balmer, 1885), 
3 (Paschen, 1908),  4 (Brackett, 1922), 
5 (Pfund, 1924),      6 (Humphreys, 1953)

 𝛼: ∆𝑛 = 1; β: ∆𝑛 = 2; …

 Balmer alpha, or Hα, H(3p) → H(2s), 𝜆656.28 nm

H109𝛼
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Continuum/limit
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Tennyson

Model spectrum of an A5 star
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discontinuity/break

https://en.wikipedia.org/wiki/Balmer_jump

O9.7 V

B7 III



Tennyson

Balmer absorption series up to H14 of a B-type star
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The IUE spectrum of a planetary nebula.  Note Ly-alpha at 121.5 
nm, and also the high excitation lines of 1550 C IV and 1640 He II, 
the forbidden line 2423 [Ne IV], and semi-forbidden line 1908 C III].
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Tennyson
Mirabal+03

Lyman and other absorption lines of a Wolf-Rayet shell nebula 
GRB 021004, showing doublets due to Doppler effect in the shell
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Grasdalen 1976

Brackett-alpha of the protostar Orion-BN object
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The NIR spectrum of the Seyfert galaxy Mrk 231 , showing 
Paschen-alpha and Brackett-gamma lines.

Cutri+84
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For higher energy states, recall 𝑝𝑛 𝑟𝑛 = 𝑛ℏ

ℰ𝑛 = −
𝑝𝑛

2

2𝜇
≈ −

𝑛2ℏ2

2𝜇𝑟𝑛
2 = −

𝑍2𝜇 𝑒4

2𝑛2ℏ2

For the 𝑛-th radial state, the phase space volume is

4𝜋𝑝𝑛
2 Δ𝑝𝑛 4𝜋𝑟𝑛

2 Δ𝑟𝑛 , # of possible states with principle quantum number 𝑛

=
Total phase space volume

volume of unit cell
=

16𝜋2𝑛2ℏ3

ℏ3 ∝ 𝑛2

Electron spin parallel or anti-parallel to that of the nucleus, so the 

𝑛-th state has 2𝑛2 different substates, all having the same energy.
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𝑛 ↑↑, the electron is very distant from the nucleus (binding force 
extremely weak); often ionized then recombined (cascading down) 

For H91𝛼, i.e., 𝑛 = 92 → 91

𝜈 H91𝛼 = 3.28805 × 1015 Hz
1

912
−

1

922

≈ 8.5848 × 109 Hz

This is called a “radio recombination line”.

𝜈 = 𝑅∞ 1 +
𝑚𝑒

𝑚

−1
Τ1 𝑛1

2 − Τ1 𝑛2
2 = 3.28805 × 1015 1

𝑛1
2 −

1

𝑛2
2 [Hz]

Considering reduced mass, 
𝑚(He) ≈ 4 𝑚(H); 𝑚(C) ≈ 12 𝑚(H), so 𝜈 ↗ a bit 
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Tennyson, p.32

Exercise

What is the highest 𝑛 level of  H atoms expected to find on the 

surface of  the Sun where the gas number density is ≈ 1017 cm−3?

A: 𝑛 ≈16
Chap 2.1 Hydrogen 23



ℰ𝑛 = −
𝑍2𝜇 𝑒4

2𝑛2ℏ2Note that ℰ𝑛 ∝ 𝜇

For normal H, 𝜇𝐻 =
𝑚𝑒𝑚𝑝

𝑚𝑒+𝑚𝑝
=

𝑚𝑒

1+ Τ𝑚𝑒 𝑚𝑝
≈ 𝑚𝑒 1 − Τ𝑚𝑒 𝑚𝑝

For deuteron, 𝜇𝐷 =
𝑚𝑒𝑚𝐷

𝑚𝑒+𝑚𝐷
=

2𝑚𝑒𝑚𝑝

𝑚𝑒+2𝑚𝑝
≈ 𝑚𝑒 1 − Τ𝑚𝑒 2𝑚𝑝 > 𝜇𝐻

So the D lines are shifted 1.5 Å to shorter wavelengths.

[D/H] ≈20 ppm

Note also that ℰ𝑛 ∝ 𝑍2, so for He II (𝑍 = 2, with 1 e−) , 𝑍2 is 4 
times larger, and with a different 𝜇.
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• For the ground state, the orbital angular momentum is ℓ = 0.
The total spin angular momentum (hyperfine structure; 
interaction with nuclear spin)

𝐹 = 0 (spin opposite)  or    𝐹 = 1 (spin parallel)

Typically 10−6 eV, difficult to observe in optical due to 
Doppler broadening

Including the nucleus,

𝑱 = [electronic angular momentum]/ℏ
𝑰 = [nuclear angular momentum]/ℏ
𝑭 = [total angular momentum]/ℏ

For H, the ground electronic state 1𝑠 2𝑆1/2 has 𝐽 = Τ1 2, and the 
proton has 𝐼 = Τ1 2.  The state splits into (total)  𝐹 = 0 or 𝐹 = 1, 
∆𝐸 = 6.7 × 10−6 eV, ν ≈ 1420.4 MHz, 𝜆 ≈ 21 cm. 
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 Magnetic interaction between the electron and proton spins; 
parallel to antiparallel spin, a photon is emitted

 A hyperfine line

 ν ≈ 1420.405751 MHz; 𝜆 ≈ 21 cm

 A10 ≈ 2.85 × 10−15 s−1

 𝜏 Τ1 2 ≈ A10
−1 ≈ 3.5 × 107 s ≈ 10 million yrs

 Even a low density can maintain LTE (stay up long enough, so 
even rare collisions OK); critical density 𝑛∗ ≪ 1 cm−3

(Condon p.267)

𝐓he HI 21-cm line 
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Condon & Ransom 
Fig 7.17

H I absorption 



• For 𝑛 = 2, ℓ =1, and with spin, a total angular momentum of 
ℓ ℓ + 1 ℏ2 = 2ℏ2

3 substates, ℏ, 0, −ℏ, 𝑚 = 1, 0, −1 (magnetic quantum 
number)

Fine structure, ∆ℰ very small, ~10−5 eV

But with an external B field  Zeeman splitting

With a field of 10 𝜇G, the 21-cm line shifts 10−8, equivalent to 
an RV of a few km s−1; very difficult to detect

Detectable by the difference of the two circular polarization 
signals (more on this when we discuss the magnetic field)
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VLA M82 imaged in H92𝛼 the recombination line
(contours) and 8.3 GHz continuum (gray scale) Rodrigeuz-Rico+04



𝐇− (negative H ion)

𝐻 + 𝑒− ⟶ 𝐻− + ℎ𝜈

Ample supplies of free 𝑒− from Na, Ca, 
Mg, … with low-ionization potentials

He atom similar, with the second 𝑒− weakly bounded, shielded by 
the first 𝑒−

ℰbinding H− = 0.75 eV, with only 1 bound state; 

transitions  continuum

Absorption by H− immediately followed by reemission

H− opacity dominates atmospheres cooler than A0 (e.g., Sun)
𝑇 ↗, ionized; 𝑇 ↘, not much free electrons. 

Most of the light we see from the Sun due to 𝐻− continuum transitions
34



An atom has only electronic transitions.  

A molecule can also have electronic transitions, but 
additionally also vibrational transitions, rotational transitions. 

A molecular line is produced by a transition between 2 
rotational levels.  The set of transitions between 2 rotation-
vibration states  a band

A band converges with wavelength (toward the red or blue)

The wavelength limit at which the rotational lines pile up is 
called the band head.  
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Condon & Ransom 
Fig 7.16

1.3 mm spectrum of SgrB2(N) near the Galactic 
center by known and unknown species



Kaler

Example molecular transitions
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𝐇𝟐 (dihydrogen, molecular hydrogen)

• It is the main constituent of cold clouds; not important in stars, 
except in the coolest substellar objects (brown dwarfs or 
planetary-mass objects)

• Lacking a permanent electric dipole moment, cold H2 is very 
difficult to detect.  A rotationally excited molecule would radiate 
through a relatively slow electric quadrupole transition.  

• Only in a heated medium (e.g., a photodissociation PDR region 
between HII and a molecular cloud) where stellar radiation or 
stellar wind excites vibrational and electronic states which then 
decay relatively quickly.

Zero electric dipole momentℰdissociation = 4.48 eV; H − H bond
https://en.wikipedia.org/wiki/Bond-dissociation_energy 38

https://en.wikipedia.org/wiki/Bond-dissociation_energy


Dipole radiation is possible only if the molecule has a dipole 
moment. 

H2, a homonuclear molecule (i.e., consisting of only one type
of atoms), has no dipole moment, so can only radiate in less 
probable transitions, e.g., quadrupole, 10−9 times weaker. 

Ortho- spins of protons parallel; para- spins antiparallel

CO2 has no pure rotation spectrum.

But CO has a pure rotation spectrum, so 
astrophysically important in mm to trace 
molecular gas
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Stahler & Palla
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CO molecules

• Simple and most abundant next to H2

• Strong ℰdissociation =11.16 eV; C ≡ O, strongest bond among 
neutral molecules, self-shielding against stellar UV field

• with a permanent electric dipole moment; radiating strongly at 
radio frequencies.

• 12C16O easiest to detect; isotopes 13C16O, 12C18O, 12C17O, 13C18O 
useful as diagnosing tools

• Low critical density for excitation  CO used to study large-
scale distribution of clouds, as a tracer of H2, 𝑛 CO ≈ 10−4𝑛(H2)

𝑛𝑁𝐻3

∗ ≈ 103 cm−3 𝑛𝐻𝐶𝑁
∗ ≈ 105 cm−3 (for 𝐽 = 1 → 0)

‘Conversion factor’, Τ𝑁 𝐻2 𝐼𝐶𝑂 = 2 × 1020 K km s−1 −1
41



• 12C16O almost always optically thick. 
so brightness temperature ≈ molecular gas kinetic 
temperature, i.e., little dependence on column density

• Lines from rarer isotopes usually optically thin 
→ estimate of column density (total mass)  of molecular gas 
𝑁𝐻= 106 𝑁13𝐶𝑂

Intensity ratios of optically thin lines from different J levels 
→ excitation temperature
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Stahler & Palla

𝐽 = 1 − 0, 2.60 mm = 115 GHz

Only 5 K above the ground 
level … can be excited by 
collisions with ambient 
molecules or CMB photons

𝐽 = 2 −1, 1.30 mm
𝐽 = 3 −2, 0.87 mm

43

𝐽 = 1 − 0, 2.67 mm for 
12

C
17

O
2.72 mm for 13C

16
O
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Rotational spectra of molecules toward Orion KL, including 
“U”nidentified lines 

Tennyson
Lee+01
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• H atoms, 𝑔𝑛 = 2𝑛2 (i.e, for the n-th electronic energy 
state, there are 𝑛2 orbital angular momentum states; 2 
electron spin states

Two hyperfine energy states, 𝑔U = 3, 𝑔L =1

• For linear molecules (e.g., CO) rotation, 𝑔 = 2𝐽 + 1, 𝐽 is 
the angular momentum quantum number.
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Molecules in space
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McGuire (2018)
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McGuire (2018)
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https://scitechdaily.com/key-discovery-in-search-for-origin-of-life-astronomers-detect-
largest-molecule-yet-in-a-cosmic-dust-
trap/?fbclid=IwAR0eiaJTbzOxmxlLAyykanGgAtsyZ1NLtqUwDQMfnLgCr4ufYa-Ur7X9IY0

https://scitechdaily.com/key-discovery-in-search-for-origin-of-life-astronomers-detect-largest-molecule-yet-in-a-cosmic-dust-trap/?fbclid=IwAR0eiaJTbzOxmxlLAyykanGgAtsyZ1NLtqUwDQMfnLgCr4ufYa-Ur7X9IY0


Stahler & PallaGaballe & Persson (1987)

CO band heads in the Becklin-Neugebauer
(BN) object --- an infrared-emitting, 
embedded, massive protostar
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Stahler & Palla
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Effect of the new H2–H2 and H2–He 
CIA opacity on synthetic spectra of 
brown dwarfs. The spectra shown 
are cloudless models with 𝑇𝑒𝑓𝑓 of 
1500 K, 1000 K, and 500 K, with 
log 𝑔 = 5 (cgs) and solar metallicity. 
The spectra computed with the new 
CIA opacities are shown in blue. The 
red lines show spectra computed 
with the older CIA opacity and the 
same (𝑇, 𝑃) structures. The fluxes 
are calculated for 𝑑 =10 pc and are 
displayed at a resolving power 
of 𝑅 = 500.
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