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Consider a 2-level system, excitation occurs if

the incoming free electrons have kinetic energy
1
2mv

2 > χ

# of excitation s−1 cm−3(= nen0vσ) ≡ nen0γ01

1

0

Define the excitation rate coefficient γ01 so that 

where both ne and n0 have units of [cm-3].

atom
electron

Principle of detailed balance

χ = E1 – E0



γ01 ≡< σv >=
Z ∞
χ=1

2mv
2
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3~v

Here σ01 is the excitation cross section, and

f(~v) is the Maxellian distribution function

f(v;T) dv = 4π(
m

2πkT
)3/2 v2 e−
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This is the upward transition.

(A)



Downward transition:

• spontaneous emission, rate = n1A10

• deexcitation by collisions, rate = n1neγ10,

where γ10 =
R∞
0 vσ10(v)f(v)dv = γ10(T )

In steady state, [upwards] = [downwards]

n0 ne γ01(T ) = n1 [A10 + ne γ10(T)]

n1
n0

=
neγ01

A10 + neγ10
=

γ01
γ10

1

1+ A10
neγ10

Detailed balancing

(B)



(i) At high densities, i.e., ne →∞, (i.e., collisional
excitation and deexcitation dominate  in TE)

n1
n0

=
γ01
γ10

But since n1
n0
= g1

g0
e−χ/kT ,

γ01
γ10

=
g1
g0
e−χ/kT for ne >> 1





(ii) At low densities, i.e., ne → 0
n1
n0

→ γ01
γ10

neγ10
A10

=
neγ01
A10

upward by collision

downward by 
radiation only

This means every collisional excitation is followed by 
the emission of a photon.
Note: The cooling rate [cm-3 s-1] is n1 A10 hν10

= ne n0 γ01 hν10



Consider the radiative transition 10, the rate of emission 
of line photons [s-1 atom-1] … recall eq. (B)

n1
n0
A10 = A10

γ01(T)

γ10(T)

1

1+ A10
neγ10(T )

(i) At high densities

n1A10
n0

= A10
γ01
γ10

= A10
g1
g0
e−χ/kT

(ii) At low densities

n1A10
n0

= A10
γ01
γ10

neγ10
A10

= neγ01

ne

T

TE

This is what we had earlier ; i.e., every collisional excitation 
 emission of a line photon.



e─

χ

Consider a 2-level system, for which 
the electron collides with an ion in the 
lower level.  The collisional cross 
section, σ01 = σ01(v)

This is for the electron velocity.  Ions are neglected.

Collisions between electrons 
and ions in a lower level

σ01(v) =
π h̄2

m2e v
2
0

Ω(0,1)
g0

Usually express σ in terms of collisional strength Ω(0,1)

(
σ01 = 0 if (1/2)mv2 < χ

σ01(v) ∝ 1/v2 if (1/2)mv2 > χ



Excitation per volume per time is nen0γ01 where

γ01 = (g1/g0) γ10 exp(−χ/kT )

Ω’s must be calculated quantum mechanically

and can be found tabulated with specific tem-

perature values.



Forbidden Lines
Allowed (= electric dipole) transitions that satisfy the 
selection rules:

1. Parity much change.
2. ΔL = 0, 1.
3. ΔJ=0, 1, but J = 0  0 is forbidden. 
4. Only one single-electron wave function nℓ

changes, with Δℓ = 1.
5. Δ S=0: Spin does not change.

Bowen, I. S. (1936) Rev. Mod. Phys. 8, 55-81 



Spectroscopic Notation…
Ionization State

I ---- neutral atom, e.g., H I  H0

II --- singly ionized atom, e.g., H II  H+

III – doubly ionized atom, e.g., O III  O++

….. and so on….e.g., Fe IIIXX
Peculiar Spectra

e (emission lines), p (peculiar, affected by 
magnetic fields), m (anomalous metal 
abundances)   e.g., B5 Ve



Allowed (regular) Line: due to electric dipole; 
A~10+8 s－1; denoted by no bracket, e.g., C IV, O I 

Forbidden Line: fails to fulfill at least one of the 
selection rules 1 to 4.  It may be a magnetic dipole or 
an electric quadrupole transition;  A~100-- 10－4 ; 
denoted by with a pair of square brackets, e.g., [O III], 
[N II]; the H 21 cm line A=2.88 x 10－15 s－1, or 1/[11 
Myr].

Semi-forbidden (intercombination or 
intersystem) Line: all electric dipole selection 
rules except Δ S≠0, A~10+2 s, denoted by a single 
bracket, e.g., [OII



• Normally an atom stays in the excited state for 10-8 s.

• A forbidden transition occurs for excitation levels < a few 
eV, and stays in the excited state for seconds or longer 
before returning to the ground state. 

• In the lab n ↑↑↑, both excitation and de-excitation take 
place frequently, so radiative transition (emitting a 
photon) is unlikely.

• In ISM, the electrons are not energetic enough to excite 
the atoms to normal levels (10-20 eV) , but enough to 
excite to metastable levels.  

• Once (collisionally) excited (kinetic energy)  emission 
 escaped  efficient cooling



http://loke.as.arizona.edu/~ckulesa/camp/camp_spectroscopy.html

An example -----
Ring Nebula (M57), 
a planetary nebula

Slit = 8’ x 1”

Hg+He



4861Å line from 
hydrogen n = 4  2
(called Hβ line)
 gas is highly 
excited

4959Å and 5007Å 
doublet from twice-
ionized oxygen, O++, 
or OIII in spectroscopic 
notation
 (oxygen) gas is 
ionized, with T > a few 
thousand K and 
density < 100/cm3

1-D spectrum shows 
little continuum, and a 
few emission lines
A line spectrum



Excitation Theory --- Applications
Consider a 3-level system, with the two 

upper levels close together.
λ3729 λ3726

[O II]
3/2
5/2

3/2

2D

4S

Level 3 …
Level 2 …

Level 1 …

jλ3729
jλ3726

=
j21
j31

=
n2A21 hν21
n3A31 hν31

Recall that ne∞, collisional excita on and 
deexcitation

ne 0, every collisional excitation is 
followed by emission 



Osterbrock



Draine



j21
j31

=
g2
g3

A21
A31

ν21
ν31

e−E23/kT ≈ g2
g3

A21
A31

=
6

4

3.6× 10−5
1.8× 10−4 = 0.3

ne∞

Note: Δλ=0.3 nm  needs high-resolution spectrograph

ne 0
j21
j31

=
γ12
γ13

=
g1
g3
e−E23/kT ≈ g2

g3
=
6

4
= 1.5

γ21 ≈ γ12 and E23 << kT
Statistical weight = 2 J+1, so g2 = 2 x (5/2) +1 = 6



So with this level configuration ([O II] or [S II]), the line 
ratio is sensitive to the electron number density. 

Osterbrock



Some examples of density determinations … 

Osterbrock



Osterbrock



Now consider a different level configuration with [O III] or 
[N II], for which the two lower levels are close together.

Osterbrock



Note: Rate of excitation to 1S and 1D levels  T

When n 0, i.e., collisional deexcitation is negligible
• Every excitation to 1D λ5007 or λ4959 (probability 3:1)

• Every excitation to 1S λ4363 or λ2321
λ5007 or λ4959

It is left for homework to show that 



So

where

Similarly, for [N II], 



So with this kind of level configuration ([O III] or [N II]), 
the line ratio is sensitive to the temperature. 

Osterbrock

Problems: 
1. I4959 and I5007 are strong but I4363 is weak
2. I4363 is close to Hg I λ4358



Some examples of temperature determinations … 

Typically T~10,000 K



T~10,000 K



Gum Nebula

41 deg wide


