
Stellar Structure



Hydrostatic equilibrium

Mass continuity (distribution)

Energy generation

by radiation

Energy transport 

by convection

Equation of state

Opacity

Nuclear reaction rate

Stellar Structure Equations 
What does each of these equations means?



Hydrostatic equilibrium

Force = mass ∙ acceleration

−𝑑𝑃 𝑑𝑆 = 𝜌 𝑟 𝑑𝑆 𝑑𝑟 ∙ g(r)

𝑑𝑃

𝑑𝑟
= −𝜌 𝑟 𝑔 𝑟 = −𝜌 𝑟

𝐺𝑀(𝑟)

𝑟2

Exercise

Estimate the pressure at the 
center of the Earth. 



Mean molecular weight

In a fully ionized gas (in stellar interior), 
𝜇 = 1/2 (H) … 2 particles per 𝑚𝐻

= 4/3 (He) … 3 particles per 4 𝑚𝐻

 2 (metals) … 2 particles per 𝑚𝐻

𝜇 = Τ4 (6𝑋 + 𝑌 + 2) for a fully ionized gas

Adopting the solar composition, 
𝑋⊙ = 0.747, 𝑌⊙ = 0.236, 𝑍⊙ = 0.017

 𝜇 ≃ 0.6

Note recent revision 𝑍⨀ = 0.0152 (Caffau+11) 



Hydrostatic equilibrium
𝑑𝑃

𝑑𝑟
= −

𝐺𝑚 𝑟

𝑟2 𝜌, so
𝑃

𝑅
=

𝐺𝑀

𝑅2

𝑀

𝑅3 →

Ideal gas law 𝑃 =
𝜌

𝜇𝑚𝐻
𝑘𝑇; 𝜌 =

𝑀

𝑅3
→

Equating the two pressure terms 

This should be valid at the star’s center, thus 

𝑇∗~
𝜇 𝐺𝑀∗

𝑅∗

𝑃 =
𝑀𝑇

𝑅3𝜇

𝑘

𝑚𝐻

𝑃 =
𝐺𝑀2

𝑅4

𝑇~
𝜇 𝐺𝑀

𝑅



Luminosity

Ohm’s law      in circuit I = V / R, hydraulic analogy

[flow]  [pressure gradient] / [resistance]

(unit) Pressure = [energy] / [volume]

Blackbody radiation
Energy density 𝑢 = 𝑎𝑇4

Radiation pressure 𝑃 = Τ1 3 𝑢

𝐿 ∼ 4𝜋𝑅2
𝑑

1
3

𝑎𝑇4 /𝑑𝑟

𝜅𝜌

~ 4𝜋𝑅2
4

3

𝑎𝑇3

𝜅𝜌

𝑑𝑇

𝑑𝑟

~
𝑅2𝑇3

𝜅𝜌

𝑑𝑇

𝑑𝑟



Exercise: Derive Ohm’s law.



𝑇 ~
𝜇 𝐺𝑀

𝑅
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Opacity

• Excitation of an electron of an atom to a 
higher energy state by the absorption of a photon.  The excited atom then will be 
de-excited spontaneously, emitting a photon, or by collision with another 
particle.

• Photoionization of an electron from an atom 
(ion) by the absorption of a photon.  The inverse process is radiative
recombination.

• Transition of a free electron to a higher energy state, 
via interaction of a nucleus or ion, by the absorption of a photon.  The inverse 
process is bremsstrahlung.

• Scattering of a photon by a free electron, also known 
as Thomson (common in stellar interior) or Compton (if relativistic) scattering. 

• Important when < 104 K, i.e., dominant in the outer layer of 
low-mass stars (such as the Sun)



• Bound-bound, bound-free, and free-free opacities are 
collectively called Kramers opacity, named after the 
Dutch physicist H. A. Kramers (1894-1952).

• All have similar dependence 𝜅 ∝ 𝜌 𝑇−3.5.  

• Kramers opacity is the main source of opacity in gases of 
temperature 104~106 K, i.e., in the interior of stars up to 
~ 1 M⊙.

• In a star much more massive, the electron scattering 
process dominates the opacity, and the Kramers opacity 
is important only in the surface layer.  



X=0.70
Z=0.02

Data from Iglesias & Rogers (1996)



Opacity

For Kramers opacity 

𝜅𝐾𝑟 ≈ 4 × 1025 1 + 𝑋 𝑍 + 0.001 𝜌 𝑇−3.5 [cm2g−1]

𝜅 [cm2 g−1]

[cm−1]



For Thomson scattering, 

𝜅𝜈 =
8𝜋

3

𝑟𝑒
2

𝜇𝑒𝑚
= 0.20 1 + 𝑋 [cm2g−1]

is frequency independent, so is the Rossland mean.

𝜅𝑒𝑠 = 0.20 1 + 𝑋 [cm2g−1]

Here 𝑟𝑒 is the electron classical radius, 𝑋 is the H mass 
fraction, and 𝜇𝑒 = Τ2 (1 + 𝑋)





Main sequence = a mass sequence defined by 
hydrogen fusion at the center of a star

Radius does not vary much; but the luminosity does.

log 𝐿 ∝ log 𝑇



𝑇𝑐 ≈
𝜇 𝐺𝑀

𝑅

So for a given 𝑇𝑐 , 𝑀 → 𝑅
→ 𝐿

ቊL (∝ 𝑅2 𝑇4) and T

Main sequence is a run of L and Tc as a function 
of stellar mass, with Tc nearly constant. 

Why 𝑇𝑐 ≈ constant?  
Because onset of H burning ~107 K
regardless of the stellar mass



𝑐𝑃 − 𝑐𝑉 = 𝑘𝐵

𝑐𝑃 / 𝑐𝑉 = 𝛾

γ: the adiabatic index or heat capacity ratio

e.g., dry air, 𝛾 =1.403 (0
o
C), =1.400 (20

o
C)

O2, 𝛾 =1.400 (20
o
C), =1.397 (200

o
C)

H2O, 𝛾 = 1.330 (20
o
C), =1.310 (200

o
C)

Heat capacity: heat supplied to increase one 
degree in temperature; 𝐶𝑃 and 𝐶𝑉

Specific heat capacity (=per unit mass), 𝑐𝑃 and 𝑐𝑉

Gas Thermodynamics

Wet air 𝛾 smaller









𝛾 =
𝑁𝑘

𝑐𝑉
+ 1





Convective equilibrium (stability vs instability)

A fluid convective “cell” is buoyed upwards. 

If temperature inside is higher than surroundings, the 
cell keeps rising.   Ekin of particles higher  dissipates 

Otherwise it sinks back (convectively stable).

The rising height is typified by the mixing length ℓ, or 
parameterized as the scale height H, defined as the 
pressure (or density) varies by a factor of e.  Usually 

0.5 ≲ Τℓ
𝐻 ≲ 2.0



Convective stability: a 
fluid  resisting vertical 

motion

So, vertical perturbation 
dampens out

Convective stability/instability



Compared with surrounding 
temperature gradient

Radiation can no longer 
transport the energy 

efficiently enough 
 Convective instability





In meteorology, dry and cool air tends to be stable, whereas wet and warm 
air (smaller gamma values) is vulnerable to convection  thunderstorm

𝑑𝑇

𝑑𝑟
ad

<
𝑑𝑇

𝑑𝑟
rad

𝑑 ln 𝑇

𝑑 ln 𝑃
ad

<
𝑑 ln 𝑇

𝑑 ln 𝑃
rad

𝛾 =
𝑁𝑘

𝑐𝑉
+ 1





In practice, if 𝛾 = Τ5
3, the 

condition for convective 
stability (no convective) is

(
𝑑 log 𝑇

𝑑 log 𝑃
) < 0.4





Ionization satisfies both conditions because

 Opacity ↑

 e- receive energy  d.o.f. ↑, so g ↓  𝛻ad ↓

 Development of hydrogen convective zones 

Similarly, there are 1st and 2nd helium convective zones.



For a sun-like star, ionization of H and He, and also 

the large opacity of H─ ions  a convective 

envelope (outer 30% radius). 

For a massive star,  the core produces fierce amount 

of energy  convective core 

 a large fraction of material to take part in the 

thermonuclear reactions 

For a very low-mass star, ionization of H and He leads 

to a fully convective star  H completely burns off.
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Hayashi Track

A convection evolutionary track for low-mass pre-main sequence stars

Chushiro HAYASHI 1920-2010



When a protostar reaches hydrostatic equilibrium, there is a 

minimum effective temperature (~4000 K) cooler than which (the 

Hayashi boundary) a stable configuration is not possible 

(Chushiro Hayashi 1961).  

A protostar

 contracts on the Kevin-Helmholtz timescale 

 is cool and highly opaque  fully convective 

 homogenizes the composition 

A star < 0.5 M⊙ remains on the Hayashi 

track throughout the entire PMS phase.

Convective transportation of energy 

 the star cannot be cooler





Convection occurs when 𝛻rad > 𝛻ad

That is, when 𝛻rad is large, or 
when 𝛻ad is small.

Recall 𝛻rad =
𝑑𝑇

𝑑𝑟
=

𝐿𝑟

𝑟2

𝜅𝜌

𝜎𝑇3

𝛻ad = 1 −
1

𝛾
,  where 𝛾 = ൗ

𝑐𝑝
𝑐𝑣

𝛻ad small  𝑐𝑣 large  H2 dissociation
H ionization, T~6,000 K
He ionization, T~20,000 K
He II ionization, T~50,000 K                                 



Check out http://www.peripatus.gen.nz/Astronomy/HerRusDia.html for a good summary

Radiative

Convective

 half of Egrav becomes particle Ekin

(internal energy); half radiated away

 Matter optically thin to thick 
 thermodynamical equilibrium, 

Trad = Tkin

 Energy used for ionization (for H, 
T < 104 K), so surface temperature 
remains almost constant.  Protosun
now size was 60 R☉

 Star fully convective

 Hayashi track

Dynamical collapse  quasi-static contraction 

http://www.peripatus.gen.nz/Astronomy/HerRusDia.html


T Tauri stars contracting 
down to the ZAMS  an 
enlarged chromosphere
 emission spectra

https://ase.tufts.edu/cosmos/view_picture.asp?id=174

Structure of the solar atmosphere

https://ase.tufts.edu/cosmos/view_picture.asp?id=174








Read this paper!



Convection

Nuclear
Reactions





http://en.wikipedia.org/wiki/File:PMS_evolution_tracks.svg

Pre-Main Sequence Evolutionary Tracks

Stellar mass

Stellar age 
(isochrones)

http://en.wikipedia.org/wiki/File:PMS_evolution_tracks.svg


Theoretical evolutionary tracks



1965 ApJ, 141, 993



XM=5.4 x 10－5XM=5.4 x 10－6

Effects of chemical 
abundances and “metals” in 
determination of stellar 
structure 



‘Metals’  lots of 
electrons (transitions) 
 efficient coolants



Exercise

A useful site to download theoretical evolutionary tracks (the “Padova
tracks”) is the CMD/PARSEC isochrones 
http://stev.oapd.inaf.it/cgi-bin/cmd

As a homework

1. Plot V versus (B-V) for a collection of stars (i.e., a star cluster) of ages 1 
Myrs, 10 Myr, 100 Myr, and 1 Gyr.  

2. Compare V versus (B-V) CMDs of two 100 Myr old star clusters, one 
with Z=0.01 and the other with Z=0.0001 (i.e., extremely metal poor).

http://stev.oapd.inaf.it/cgi-bin/cmd

