Sellar Interior



B A star has a stable configuration.

v That is, there is a certain structure (mass distribution) to
allow for such a force balance.

Inward = gravity
Outward = gas pressure (gradient)
(ideal gas, degenerate electron/neutron gas)
+ magnetic pressure (Ppag = B*4/8m)
+ radiation pressure (P,,q = 40T*/3¢)
+ turbulence pressure (P = p v%/2)

B How is the pressure sustained? Energy-> thermal pressure

v' How is the energy generated?
v' How is the energy transported?



Structure Equations

dm(r) 2 L. o .
dr = 4nr“p(r) Mass continuity (distribution) P=P(pT,u)
Equation of state
dP(r) __Gmmp(r)
— = fat
T 2 ydrostatic equilibrium o = K(p, T ,u)
Opacity
dL(r
dsﬂ ) — 47Tr2p(r) q(T) Energy conservation q = C[(,D, T ,Ll)
dT (r) 3Kp L(r) — Nuclear reaction rate
dr - 4ac 4ntr?T3 by radiation
dT(’r) y — 1T dP (T) — Energy transport
dr = y P dr _ by convection

Boundary conditions: m(r) - 0and L(r) > 0asr —» 0
T(r) - 0,P(r)—>0,and p(r) > 0asr — R,




Variables: m,r,p, T, P,k, L, u,and q

Vogt-Russell “theorem”

Given hydrostatic and thermal equilibrium with energy produced by
nuclear reactions, the internal structure of a star, and its subsequent
evolution, is uniquely determined by the mass and chemical
composition of the star.

In fact, ... by any two variables above (e.g., L and T,¢ give the HRD. Itis
not really a “theorem” in the mathematical sense, i.e., not strictly valid.
[t is a “rule of thumb”. There are other factors, too, such as magnetic
field or rotation, though these usually have little effect.




Hydrostatic equilibrium

In general, the equation of motion is
- Gm 10P _ Gm 42 2F oP
- r2 p ar ~ r2 om

The LHS is usually null, unless there is free
fall or explosion.

Force = mass - acceleration
—dP dA = p(r) dA dr - g(r)

; d G
| = () g(r) = —p(r) oy

dr



Hydrostatic equilibrium
dP(r)  Gm(r)

dr = p() =—g(@) p(r)...(1)

Mass continuity
dm(r)

dr

(1)/(2)

dP(r) Gm(r)
(1) = dm  4mar?
dr 1

am Antr?p(r)

(2)

v m(r): total mass inside radius r
V' Piotal = Foas + Fe + Prag + ...

= 471r?p(r) ... (2)

Using mass as the independent variable,
r = r(m), is preferred because mass is
usually given and fixed (but r iIs not.)

Boundary conditions (1) atm = 0,r = 0,
(2)atm=Morr=R,P =0.




The set of stellar structure equations then becomes

dP(m) Gm
dm  4mr?

dr 1

dm  4mr? p

dzgr) =q(r)

dT(m) 3L (r)
dm 4ac (4nwr?)2T3

P =

UMy

kT + P, + = aT*

K=1Kop* TP

q = dopP

an

Prianik



A polytropic (thermodynamic) process obeys

PV% = const

a is the polytropic index

v a = 0, P = const = isobaric process

For an ideal gas

v a = 1 - isothermal process

v a =y = c,/c, = isentropic (= adiabatic and reversible) process

v' a — o0 - isochoric (= isovolumetric) process



Recall that the internal energyu = g kT, n: degree of freedom

The specific heat capacity ¢, = (a_u) = g k,
(%

oT
Cp —Cyp =k
n
c, ohk+k 2 n+2
=L = = 14— =
4 C n n n
1Y 7]{

For an ideal gas,n = 3,soy =5/3 = 1.66
For a diatomic gas,n = 5,soy =7/5 = 1.40
For a photon gas,n =6,soy =4/3 = 1.33



From hydrostatic equilibrium and mass distribution,

dP G m(r) r? dP dm(r)
p—mlr) = Gp dr ar

= 41r?p(r)

(D) ==

Plug into (2)

72

d( r2 dp

= 4qr12
dr\ Gp dr) L

Cf. the general Laplace eq.

Rearrange to yield :
and Poisson eq.

1 d erP_4G ;
r2dr\p dr/] nGp). (3)

11



Poisson equation
Ve = f (if f = 0 = Laplace eq.)

92 92 092
or (5‘x2 | 3y azz>90(x y,z) = f(x,y,2)

(1) Gravity

V.-g=—4nGp,butg = -V = V%@ = 4nGp

Solution @(r) = — G—M (gravitational potential)

(2) Electrostatics

Gauss’s law, V - D = pfree, D = €E, E = —V@,V20 = —p/e€
Q

41TET

Solution @(r) =



Assume a polytrope; i.e., a spherical fluid with P and p being
related by

1 X p= P_c9” | |
P=Kp'n =Ko ety
Then (3) becomes %%(;%) _ 4G varies with central density.
1d[ re 14 de )
r2dr|p.0m Kp, "(n+1)6 | = —4nG p0




Letting r = aé, we get

1 d ( ch)
$C—=
§2dé\’ d¢

This is the Lane-Emden equation of index n,
after J. H. Lane and R. Emden.

—gn

Compared to (3), a givenn
—> a solution with different K, and p,
—> a family of solutions

¢ is dimensionless radius.

p 'p (o

The structure of the polytrope depends on n.

... In essence describes how
density varies with radius.

T T I T

Polytropes ]

T Ll I

r'R

Figure 5.1 Normalized polytropes forn = 1.5 and n = 3.
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The Lane-Emden equation has the boundary conditions of

9 =1and & =0at ¢ = 0, and can be integrated from ¢ = 0.

d¢

Forn = 0,1, 5, analytic solutions are available; otherwise the
integration is done numerically.

n=0 6,=1-¢&2/6 O, =1—-¢62/6=0=¢&, =6
n=1, 6;=siné/¢ 0, =siné/E=0=¢& =m
n=>5 65=(1+&2/3)712 O5=(1+&/3)7V2=§ =00
Forn = 0 and n = 1, solution = 0 at some point (p — 0); this

defines the boundary of the star, i.e., ¢ at first zero (¢;=radius).
Solve 8,(&;) = O.

Forn=0,p = pCHO =const; for n = 5, solution never goes to 0.



n = 0, a constant
density sphere;

$1 =V6; P = F.0

n = 1, solution a
sync function;
§1=m; p=pb; P =P0°

.0

(.5

—[1.5
n = 5, finite density, but
infinite radius;
El — 00

—1.0

Weisstein, Eric W. "Lane-Emden Differential Equation." From MathWorld--A Wolfram Web
Resource. http: //mathworld.wolfram.com/Lane-EmdenDifferentialEquation.html
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The Lane-Emden equation is integrated often numerically to the
first zero. The overall stellar properties can then be computed.

Mass

dé
MG© = [ st =ama [ 2
=61
Radius
R — a'fl

Central pressure

GM? ao
PC — Y 47T(7’l+ 1) (d_f)

,  1-1

! §=¢1]
Mean density

_ 3 db
P = Pc [—‘_

f df €=€1 Bower & Deeming



Gravitational binding energy

C k+k 2
3 GM? y=e-rtll
Q — v 71{

5—n R

Forn =5,) > —oo, Foranyn > 5 (i.e,,y < 6/5),02 > 0, the
system is not gravitationally bound; no stable configuration

Given a solution 6(§), i.e., p(r), the density and pressure
profiles can be derived.



mass

TABLE 4
THE CONSTANTS OF THE LANE-EMDEN FUNCTIONS*
- +1 I
5 don 5'—'1' da" - d0
" " #(F)emr] P |t (P th o+ 06(3F) o,
[ PO 2.4494 4.8088 I.0000 0:38%333 2 b voevein sven 0.119366 -0.5§
(o TR A 2.7528 1. 9871 1.8361 0.02156 2.270 0.26227 0.53847
I1.0.......... 3.14159 3.14150 BLIBOST |« sovammse ssomnsmons ssommnas 0.63662 0.392699 0.5
B8 e v 3.65375 2.71400 5.99071 132.3843 0.42422 0.770140 0.53849
D05 e sk 4.35287 2.41105§ I1.40254 10.4950 0.36475 1.63818 0.60180
2o nineen e 5.35528 2.18720 23.40046 3.82662 0.35150 3.90906 0.69956
L P 6.89685 2.01824 54.1825 2.01824 0.36394 11.05066 0.85432
B fre— 8.01894 I1.04980 88 .153 1.54716 0.37808 20.305 0.96769
- ————— 0.53581 1.89056 152.884 I1.2042 0.40104 40.9098 I.12087
T IR T 14.97155 1.79723 622.408 0.729202 0.47720 247.558 1.66606
4.5 ... 31.83646 1.73780 6189.47 0.394356 0.65798 | 4922.125 3.33100
4.9 ... .. 169.47 I.7355 934800 0.14239 1.340 3.693X 106 16.550
8.0 595 % von ® I.73205% ® o @ = @

* The values for # = o.5 and 4.9 are computed from Emden’s integrations of 8a; for # = 3.25 an unpublished integration by Chandrasekhar has been used. # = 5

corresponds to the Schuster-Emden integral. For the other values of # the British Association Tables, Vol. II, has been used.

1-n

_ (4m) 1/n

n+1

—& n+1/n-1 (ﬁ)
! d§ ), Chandrasekhar p.96
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Table 2-5 Constants of the Lane-Emden functions

dd) Pc
—e2 =2
n &1 &1 (d‘é)i-fl

P
0 2.4494 4 8988 1.0000
0.5 2.7528 3.7871 1.8361
1.0 3.14159 3.14159 3.28987
1.5 3.65375 2.71406 5.99071
2.0 4 35287 2.41105 11.40254
2.0 5.35528 2.18720 23 .40646
3.0 6.89685 2.01824 54 .1825
3.25 8.01894 1.94980 88.153
3.5 9.53581 1.89056 152.884
4.0 14 .97155 1.79723 622.408
4.5 31.83646 1.73780 6,189 .47
4.9 169.47 1.7355 934,800
5.0 ) 1.73205 0

t S. Chandrasekhar, ““An Introduction to the Study of Stellar
Structure,” p. 96; reprinted from the Dover Publications edition,
Copyright 1939 by The University of Chicago, as reprinted by
permission of The University of Chicago.
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The case forn = 0, p = p.0° = const.

Ld(,d0\__.
ar\s @) T

d do
d_gf(gzd_f) = —¢&*

,do 1

- __Z3
$ dz 35 T Cq
ag 1 +c1
dé 35 £2
1 C
8=—_€2 ! ICZ

For the integration
constants, c; must be zero
to avoid singularity at
origin.

Because p = p.atf =1,
c, =1

— 0(8) =1-=-¢2
'51:5(920):\/6



Recall p = p.0™, and r = a,
R $1
M = f Arrép dr =4 madp. | &20™ dé
0 0
(from Lane-Emden eq.)

S d do\
— 4 3 . _ 2 d
napfo | d€(€ dg)_ ¢

For the derivations of some solutions, see
https://en.wikipedia.org/wiki/Lane%E2%80%93Emden_equation



https://en.wikipedia.org/wiki/Lane%E2%80%93Emden_equation
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Star Formation in a Nutshell

@ Stars are formed in groups out of
dense molecular cloud cores.
Planets are formed in young
circumstellar disks.

(Jeans criteria)

@ Initial gravitational contraction
leads to a decrease of luminosity,
while surface temperature remains
almost unchanged.

(Pre-main sequence Hayashi track)

Henyey track | Radiative

bt
L]

Hayashi track

Convective

eeeeeeeeeeeeeeeeeee

Ls L ]
1
Effective temperature, 10°°K

. Fig. 51 Th pth hHRd agram of the c fh
the mal q The interior has b ome fﬁ ly h bill!‘
deuterium afte b ut 10° years_. The actxo n ceases ne h e main
sequen h th e core has become h t gh to replen h the solar
lumin y ith the thermonuclea \{er generate d by t fg§ion of
hyd_g o heliu m [After D E and A. G W. Cameron, The Con-

Ph e of Stellar Evolut R F. Stein and A. G. W. Cameron

(eds.), “Stcllar Evolution,” Plenum Press, New York, 1966.)
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STELLAR EVOLUTION. I. THE APPROACH TO THE MAIN SEQUENCE*

Icko IBEN, JR.
California Institute of Technology, Pasadena, California
Received August 18, 1964; revised November 23, 1964

ABSTRACT

The manner in which nuclear reactions replace gravitational contraction as the major source of stellar
luminosity is investigated for model stars of population I composition in the massrange 0.5 < M/Mgp <
15 0. By following in detail the depletion of C!from high initial values down to values corresponding to
equilibrium with N*¢ in the C-N cycle, the approach to the main sequence in the Hertzsprung-Russell
diagram and the time to reach the main sequence, for stars with M > 1.25 M, are found to differ sig-
nificantly from data reported previously.

LOG (L)

Zero-age main sequence (ZAMS):
the locus in the HRD of stars of

different masses first reaching Y
the main sequence (i.e., starting \;L:
steady core H fusion) -

1 | | | i | | ] 1 |
45 44 43 42 4| 40 39 38 37 36
LOG (Te)

F1c. 17.—Paths in the Hertzsprung-Russell diagram for models of mass (M /M o) = 0.5, 1.0, 1.25,

1.5, 2.25, 30, 5.0, 9.0, and 15.0. Units of luminosity and surface temperature are the same as those )
Fig. 1



Thermonuclear Reactions

32



* Eddington in 1920s hypothesized that fusion reactions between
light elements were the energy source of stars.

 Stellar evolution = (con) sequences of nuclear reactions
° Ekinetic ~ kTC ~ 8.62 X 10_8 T~ keV,

_ ZyZ,e*  1.44 77,
but Ecoulomb barrier = r r[fm] ~ MeV.

This is 3 orders higher than the kinetic energy of the particles.

* Tunneling effect in QM proposed by Gamow (1928, Z. Physik, 52, 510)
applied to energy source in stars by Atkinson
& Houtermans (1929, Z. Physik, 54, 656)

George Gamow



Quantum mechanics v
tunneling effect < Coulomtt potontia

, Attractive . r—»
nuclear potential

Figure 3.4 [Illustration of the potential seen by particle b when approaching particle A with a
kinetic energy E,, , and the corresponding wavefunction ¥; classically, particle b would reach only
a distance r, from particle A before being repelled by the Coulomb force
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Cross section for nuclear reactions (penetrating probability)
o e—nzlzzez/eohv
This 7 asv 7

Velocity probability distribution (Maxwellian)

—mv?/2kT
x € This v as v /

.. Product of these 2 factors = Gamow peak

35



& N\
D. Clay‘fm Prine: pleo b’{) Stellar Evo Lo
T omd MNucleosynthesis ”

Maxwellian Velocity
Dig4ribution |
o it ="' Penetration

Probability

Product (magnified)

e ———— —— —— —

\\4-—A=’-4—10 kev
\
’ \
Z y A e
RT=1-3 kev E,~15-30 kev Wi

Fig. 46 The dominant energy-dependent factors in thermonuclear reac-
tions. Most of the reactions occur in the high-energy tail of the max-
wellian energy distribution, which_introduces the rapidly falling factor
exp (—E/kT). Penetration through the coulomb barrier introduces the
factor exp (—bE-}), which vanishes strongly at low energy. Their
product is a fairly sharp peak near an energy designated by E,, which is
generally much larger than k7. The peak is pushed out to this energy by
the penetration factor, and it is therefore commonly called the Gamow

peak in honor of the physicist who first studied the penetration through
the coulomb barrier. ClaytOn



0.7
CIZ(p"y)N 13
E,= 37.9kev
i T A = 22.8kev
& I
Fﬂl &
+ T=30x10°K
QII@ 0.4
|
S 03
= 27.9 kev—>-
o
- 0.2}
0.1}
| | | | | ] ]
0 10 20 30 40 50 60 70 80 90

E, kev

Fig. -7 The Gamow peak for the reaction C12(p,y)N13at T = 30 X 10¢ °K.
The curve is actually somewhat asymmetric about E,, but it is nonetheless
adequately approximated by a gaussian.

Clayton
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Resonance = very sharp peak in the reaction rate

So there exists a narrow range of

. . Resonance reactions
temperature in which the reaction rate T1 Energy of interacting
S 3 power law particles = Energy level

of compound nucleus
—> an “ignition” (threshold) temperature

For a thermonuclear reaction or a nucleosynthesis (fusion)
process, the reaction rate is expressed as

g o< pm T




Nuclear reaction rate

2,2

1/3
v 11, X nn, (ov) < nyn, exp|—C (ZlTZZ) [cm™3s™1]
6

V AST2, 1y, 77

v Major reactions are those with smallest Z,Z,, i.e., with the
lowest Coulomb barriers.

v’ n; is the particle volume number density, n;m; = pX;, where X;
is the mass fraction

v q12 X Q p Xy Xo/mym, [erg g™ s™1]



Average binding energy per nucleon (MeV)

fHe

Nuclear Fission
(e.g., power plants)

Fusion

y- (€.9., stars)

Binding energy per nuclear
particle (nucleon) in MeV

HE

Hl

Ma
I

Fe

The "iron group®
of isctopes are the

; i yield from
' ¢ nuclear fission
mast lightly bound, H :

S:Ni {most tightly bound)

58 Fe Elements heavier

26 &g e : than iron can yield
26" pavena MeV | energy by nuclaar
per nucleon | fission.
yiald from binding energy. |
H  nuclear fusion '
| Avarage mass :
i of fission fragments o ;
I 'is about 118, 35[_] :
1 | 1 1 1 1 | 1 1 1 1 EI 1 1 1 1 | 1 1 1 1 | 1 E
50 100 150 200

Mass Mumber, A

30 60 a0 120

150 180 210 240

MNumber of nucleons in nucleus

270
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Binding Energy per Nucleon

--

n

H 0.0

D 1.112260

T 2.827307

2.572693

7.074027

Li 5.332148

5.606490 Arnett

41
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Mgoc? = 2 x 10°* ergs

Dw'!’er:uw‘ .B“”‘""ﬁ 1 amu = 931 Mev/c?

et —omee v (raate) () (=) ()

. 'H
e L ¥; s X 2, :
/7 \ f/r J / /L/f_ Proti

ium Deuterium Tritium

Deuterium: D or “n, with the
nucleus consisting of 1 p* and 1 n°

(4

F.& MeV

kifx [ f/]( —)(=

‘ISH va/uc, S V> ~ani?
Earth ocean 1.6x 10™%

]
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D/H

e 156 ppm ... Terrestrial seawater (1.56 x 10™%)
e 22~26 ppm ... Jupiter

e 17 ppm ... Saturn

55 ppm ... Uranus

200 ppm ... Halley’s Comet

[onization potential

v 12.8 eV for D

v 13.6 eV for H

v' 24.6,54.4 eV for He

v' 5.4, 75.6,122.4 eV for Li

v 79 16.2,...,1136.2 eV for Fe



Hydrostatic equilibrium

P Gm(r) P GM M GM?
dar T2 P, 50 R~ R2 R3 — P = pa Force/Area
M
Ideal gas law P=LkT;p=—3—> P:MT k
Umpyg R R3u my,

uGaM
R

Equating the two pressure terms > T~

This should be valid at the star’s center, thus

uGM,
R,

T
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Changes in the slope > 8 ‘1‘2*6:1.(130 :2 | L

= 0.3 M@ u "‘».3. i
Convective envelope | = ""f

—> energy transport insufficient ¢° 7.2 — CNO $ B
pp o]

>T. 1 §D i . ]

> 1.3 Mg - N |

CNO - energy production T | we

—> convective core T i B

i 1 L | ¥ I8

0 1 0 3

log p. [gem™]

De Boer & Seggewiss, Fig 6.5 46
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L thium Burning

7[_,‘ +TH — %He 4+ “ e (7’)3:(10‘[()

IsM [L?//Hlfvzx:;?

/),.:Wyo(:a/(. abuno{a"q (0 X ,{»u\!;r
?ndu:(!( by cosm e mys ol A"f+"‘43 4 by

( Tnverse YGacf.‘rm)
L; weasurable ~~ Stellay $F¢c+rq

e é7o8A absorff.‘m

(
"oactually doublet £7¢7,78 amsl £7¢7 93

bt difficule o rese/ve

Li’ (p, @)He*
Li°(p, a)He’
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Pre-main sequence evolution of the Sun

1.5 ———— . T
ol 2D b 6
. R=5Re DburnsatT = 10°K
DEUTERlQM*~ 2 (1 )3
1+ BURNING H(CH, 14 He
ti(y)-taly)  At(y)
0-35x10° 10*
I 35x10°-10°  sx10* 7 6
10%-3x10° ? 1
| etz | LiburnsatT = 3 X 10°K
Jo5) o . :
2 | FULLY CONVECTIVE : _ 7Li (1H ) )/) *He
o BELOW PHOTOSPHERE H
—1t=10% -
RADIATIVE CORE .
BEGINS —>%
5 (o]
5 mRC=.95 % 1 6
= .. To) N
ool L baany HburnsatT = 5Xx 10K
t=33x10"y *-. %o - 0—Mpc=.25
~~-‘..°. o mHC=.758 ]
R:R@~‘~‘-_°‘°°° mgc'—'.so-
05} -
S5 a7 365 36
log T,

Iben 2013
Pre main sequence evolution in the HR diagram of a low mass model (M = 1M, Z = 0.01,Y = 0.25)



Development of the radiative core “ayasm !raCk
\ / (convective)

+1 ' D [ ! |
Onset of core H fusion N -
N \Bll’mlllle
\ .
...-(.§J 0 ~ —
ﬂ ~
* ~
5 ~
o) i 1
)
z | ] .
g - //, Iero-age main sequence
£ (IAMS)
3 i -
, Henyey track ~
B (radiative)
| o 02 Mo\
3.8 3.7 3.6 3.5
Temperature log (T)  (K) - Stahler & Palla,

Fig 16.8



Low-mass protostars, T, too low to ignite Li fusion, so
inherit the full ISM Li supply.

Higher-mass protostars can burn and destroy Li promptly,
but the base of the convection zone is below 3 X 10° K, so
the surface lithium abundance = ISM value.

Stahler & Palla



Presence of Li | A6707 absorption > stellar youth
—— CalA6718 prominent in late-type stars

2.0 T I I l
61 Cyg B
1.5
X
-
T
.g 1.0
©
o BP Tau
05+ —
Lil Cal
0 | | | |
6700 6705 6710 6715 6720 6725

Wavelength N (A)

Figure 16.9 Lithium absorption in a pre-main-sequence star. Shown is a portion of the optical
spectrum of BP Tau, a T Tauri star of spectral type K7, corresponding to an effective tempera-
ture of 4000 K. Also shown, for comparison, is a main-sequence star of the same spectral type,
61 Cyg B. Only in the first star do we see the Li I absorption line at 6708 A. Both objects also Stahler & Palla

have a strong line due to neutral calcium. -



Stars M /Mg > 0.08, core H fusion
Spectral types O, B, A, F G, K, M

Brown 0.065 > M /Mg > 0.013, core D fusion
Dwarfs  0.080 > M /Mg > 0.065, core Li fusion
Spectral types M6.5-9, L, T Y

Electron degenerate cores

v10gem ™2 < p. < 103gcm™
vT.<3x10°K

Planets M /Mg < 0.013, no fusion ever

1 Mg ~ 1000 M,



© L ' L L L L
CIV |
0.2 Mg St
0.15 ar
8:1%°
01
o 0.09
- —
< NS
o | NN
— ~. >z
. ~. Tl
— ~2- .
S N, 3
o - o3 -
S Tl s sl
™ w e - - o
| . o 2z
_ Brown dwarf
. -
I [ Evolution of stars - ) ]
,,,,,,,, Evolution of "brown dwarfs" : ' ) -l g
| e Evolution of "planets - \, "-\_‘7\ - 0001 Planet
T~ T~ 00005
= R T P R B A .|.O'O.OO:T
6 6.5 7 7.5 8 8.5 9 9.5 10

log,, Age(yr)

Fic. 7.—Evolution of the luminosity (in L) of solar-metallicity M dwarfs and substellar objects vs. time (in yr) after formation. The stars, “brown
dwarfs” and “planets” are shown as solid, dashed, and dot-dashed curves, respectively. In this figure, we arbitrarily designate as “brown dwarfs” those
objects that burn deuterium, while we designate those that do not as “planets.” The masses (in M) label most of the curves, with the lowest three

corresponding to the mass of Saturn, half the mass of Jupiter, and the mass of Jupiter.

Burrows
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The proton-proton chain

This neutrino carries away 0.26 MeV

'H+'H — 2D +e" + v (144 MeV. 1.4 x 10!V y1)
D+ 1H — *He+ v (5.493 MeV, 6 s)

pp I chain

SHe + *He — “He + 'H +'H (12.85 MeV, 10° yr)
Note: net 6 'H — *He + 2 'H

pp II chain
SHe + 4He — "Be + v (1.586 MeV)
7Be L e — i + v, (0.861 MeV)

7L1+ 1H_> 4He+4He (17.347 MeV)

pp III chain

He + *He — "Be + ~
Be +'H— ®B+~v  (0.135 MeV)
8B & -, 8Be 4+ et 4 1, Thisneutrino carries away 7.2 MeV

*Be — %He + ‘He (18.074 MeV)

0.420 MeV to the positron and neutrino (0.26
MeV); position and electron (each 0.511 MeV
rest energy) annihilate = 1.442 MeV released

pp | important when
T.>5x 10°K

Qiprqr = 144 X 2 + 5.49 x 2
+12.85 = 26.7 MeV
Qnor =26.7-0.26 X 2 = 26.2 MeV
> 6x10% ergg™

v The baryon number, lepton number,
and charges should all be conserved.

v" All 3 branches operate simultaneously.

v pp lis responsible for > 90% of stellar
luminosity
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P
OO @6

Figure 4.3 The nuclear reactions of the p — p I, IT and III chains.

Among all fusion processes, the p-p
chain has the lower temperature
threshold, and the weakest
temperature dependence.

Qpp = (Myy — Mye) c?
= 26.731 MeV
(Myy — My,) : mass deficit

But some energy (up to a few MeV,
depending on the reactions) is
carried away by neutrinos.
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... but the nucleus of deuterium, a deuteron, consists of a
proton and a neutron!

v p+p > “He (unstable)- p + p

v Hans Bethe (1939) realized that the weak interaction was
capable of converting a proton to a neutron (!) first

v" Weak interaction = a very small cross section

v The neutron is more massive, so this requires
energy, i.e., it is an endothermic process, but
neutron + proton = deuteron
(releasing binding energy, i.e., is exothermic)




The thermonuclear reaction rate is

fyp = 3.09 X 10737 nZ T, **exp (-33.81T, /%)

(1 + 0.0123 T3 +0.0109 T?® + 0.0009 Ts) [cm~3s71],
where the factor 3.09 X 1073"n; = 11.05 x 10'° p*Xj

And the energy generation rate is

Gpp = 2.38 X 108 p X3 T, */* exp (—33.81 7, /)

(1 + 0.0123 T3 +0.0109 T>3 4 0.0009 T,) [ergg~1s™]




PP Ivs PP I
Thatis, *He to react with *He at a lower temperature,

or to react with *HeatT > 1.4 x 107 K

Relative importance of each chain
— Branching ratio < T,p,u

Above T > 3 x 107 K, PP III should dominate, but in reality, at
this temperature, other reactions (CNO) take over.

The overall rate of energy generation is determined by the
slowest reaction, i.e., the first one, with reaction time 101° yrs

Q,,~26.73 MeV (= 6.54 MeV per proton)

n~6forT~5x10°K
1Tn _ n~3.8forT ~ 15 X 10° K (Sun)
~ n~4—=6
App~ P 1 n~3.5forT~20x10°K




CNO cycle
( bi-ceyele)

—P BN+ Ho 2C+ *He

CN cycle more
significant

NO cycle efficient

only when
T > 20x10°K

Figure 4.4 The nuclear reactions of the CNO bi-cycle.
e ——

C,N.O oo catalysts

5
2C4+ Ho BN+y 0 MN+ H > 1504y
BN o BCHet+vikmn 150 5 N 4 ot 4+ v
Bo4+ 'Ho I4N+)’;xoo‘y BN+ 'H » 160 4 y €=
HN+]H—*150+}/’!|JY 160+ lH—* I7F+y
50> BN+et+v 828 '"F - "0+t 4+ v
"0+ 'H— “N+ “He
)

Hydrogen buming

p T 4
/7 \’(@\w

ral
.

3C
@
@

net

- *“He

Recognized by Bethe
and independently by
von Weizsacker

CN cycle + NO cycle

Cycle can start from
any reaction as long as
the involved isotope is
present.

after that
~ 2 f‘ Mel carried away by

.GCNO .
the neutrinos

Beno ~ fT'é
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to | -

[0 At the center of the Sun,
QCNO/CIpp ~ 0.1

+5
[d CNO dominates in stars

> 1.2 M,, i.e, of a spectral
type F7 or earlier
-> large energy outflux

log €

-5 |- - .

| ! - - =» a convective core

65 70 75 80

log T
Fig 10.1. Nuclear emergy gemeration as a function of [ This separates the lower
temperature (with pX? =100 and X, =0.005X for the
proton-proton reaction and the carbon cycle, but p?Y* = 10* and upper MS
for the triple-alpha process). : )
Schwarzschild

v CN cycle takes over the PP chains near T, =18
v Helium burning starts ~108 K.



A He Gas — the triple-alpha process He-burning ignites at T, ~ 108 K

He + ‘He — *Be (=95 keV, i.e., endothermic) The lifetime of *Be is 2.6 x 10710 s but is still
longer than the mean-free time between a particles at Tx
(Edwin Salpeter, 1952)

"Be + ‘He — 2C + v (7.4 MeV) & bottleneck e
Note: net 3 *He — 2C

CEL

. ne¢ . s2
Q. =7278 Mev — 3 M=>"C

I ; ;
' L——é.‘?.?\’lo?ﬂr!g’» 0.1 0 H > Me

' &0
‘z N : .f * Y bottleneck = 2 - R -
O30

§
«—>"B.

Nucleosynthesis during helium burning s P
C12 (al )/)016; Q = 7.162 MeV
0'%(a, y)Nel®

A succession of (a, y) processes
> 1°0,%Ne, **Mg ... (the a-process)



4 carben/exygen Gao

.ZC + MC 120 4 120 _, Mg + y 160+l60—+328+y lbc 4 IéO
8 — BMg +n 354 7
T2 Exw'K — BNa+p =3Py TR16%
— PNe + « Bl o .
Q(( > /3 *“'{E‘ k — 160+2a == 24M‘g+za ‘g/c,o ~ b Mel

S
. . . Carbon buming Dy
C-burning ignites when T, ~ (0.3-1.2) X 10° K, S

i.e., for stars 15-30 M

O-burning ignites when T, ~ (1.5-2.6) X 10° K,
i.e., for stars > 15-30 M

The pand a particles produced are captured
immediately (because of the low Coulomb

barriers) by heavy elements
=» isotopes O burning = Si




Gpp = 2.4 X 10° p X2 Ty ™%/3 exp[—33.8 Tg /3] [ergg=ts™1]

qx pXa T*

Gey = 8 X 1027 p X Xcy T ™23 exp[—152.3 Tg /3] [ergg=ts™1]

1 X
q X PXHXCN T 6 %=0.020kf0rPopI

H

Gaqg = 3.9 X 101! p2X 3 Tg ™ exp[—42.9T5] [ergg=s71]
~ 4.4 x 1078 p2X, > Tg*" [ergg=ls™ 1] (ifTg = 1)

Clayton
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Does 255: foltns the paws Scenar/e ?

Ci+l GXIc’K

28g; ¢ 209 = Fore 2 ote 1%

’ o ; | e
Mé ° :Zc/mb::::;r:‘;:m;/::fn / M, another
. A» .
P 3‘“ < Photoionization
EM Binding ,c,m to break up an atom
Likeew S @

hy ® Photodisintegration
e <,

Photodissociation to break up a nucleus
nuefewo

to break up a molecule nuclean binding force
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For example, '°0 + o < “°Ne+ y
IfT < 10°K -
butif T > 1.5 x 107 K (in radiation field) «

So “®Si disintegrates at = 3 x 10° K to lighter elements

(then recaptured ...)
until a nuclear statistical equilibrium is reached

But the equilibrium is not exact
—> a pileup of the iron group nuclei (Fe, Co, Ni)
which can resist photodisintegration until 7 x 10° K



Nuclear Fuel | Process Tt reshold Products Energy per
(106 K) nucleon (MeV)

6.55
H CNO 15 He 6.25
He 3a 100 C, 0 0.61
C C+C 600 O, Ne,Na,Mg 0.54
0 O+0 1,000 Mg, S, P, Si ~0.3
Si Nuc. Equil. 3,000 Co, Fe, Ni <0.18

From Prialnik Table 4.1
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[ Interactions among charged particles — Coulomb barrier

[ If there are enough neutrons around — neutron capture, not
limited by Coulomb barrier, so proceed at relatively low T's
—> ever heavier isotopes or
—> radioactive decay

- anew element +e~ (beta decay) + v (antineutrino)

[ Stable nuclei: neutron captures
O Unstable nuclei: neutron capture or f~ decay
O 5~ decay has a constant time scales

O n° capture time scales < (T, p)
— May proceed slower (s-process) or more rapidly
(r-process) than the competing 5~ decays



S-process

_____

r-process

Y
00 1)

Prialnik Fig. 4.7
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[ Nuclear reactions: mass to energy (light)

[0 The reverse, energy into mass, is also possible; e.g., a photo
- an electron + a position, if hv > 2m,c?, with the presence
of a nucleus

O kT ~ hv = 2m,c%, T =~ 1.2 x 101°K

O In reality, at T = 10° K, sufficient photons (tail of the Planck
function) for pair production. Annihilation immediately
destroys the positrons.



Lo + 124 MeV — 13 *He + 4 n

If T 111, even *He —» p™ + n®

So stellar interior has to be between a few T¢ and
a few T,.

Lesson: Nuclear reactions that absorb (rather than
emit) energy from ambient radiation field (in stellar
interior) can lead to catastrophic consequences.
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P P | P H 101§ —— Scale height 140 km
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https://astronomy.stackexchange.com/questions/30232 /does-the-suns-atmosphere-have-a-scale-height
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REVIEWS OF
MODERN PHYSICS

Vorume 29, Numser 4 | OcToBER, 1957

Synthesis of the Elements in Stars®

E. MARGARET BURBIDGE, G. R. BurBiDGE, WiLLiaM A. FOwLER, AND F. HOYLE

Kellogg Radiation Laboratory, California Institute of Technology, and
Mount Wilson and Palomar QObservatories, Carnegie Institution of Washington,
California Institute of Technology, Pasadena, California

“It is the stars, The stars above us, govern our conditions’;
(King Lear, Act IV, Scene 3)
but perhaps

““The fault, dear Brutus, is not in our stars, But in ourselves,”
(Julius Caesar, Act 1, Scene 2)



HYDROGEN BURNING ———=

I pb 4
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% clz-* C'B—* N|4-* le__’ C|2
3 | /| / 1 |
é OIG 017 OIB Fig

21 22 23 20
Ne =¢» Ne —-= Ne —-= Na —-—= Ne

w
35 ﬂ a-process
1:2 \ S-process
Q 3| 32
32 Mg?* on Ne®? P S
x
Co
53’ e-process
38 1 Neutron Rich
o Isotopes o H- i —_ '
25 o lron 90 T'48 m=p  Main Line: ne?g[,';g;gg ——= Equilibrium: e-process
: Group %t»c;wsgcgpfure(so;pg%esss) —= Less Frequent Processes ==> Alpha Capture: «-process
4 s-process -
" Neutron Capture:p- grocess -—-—== Modifying Process: p-g}'ggggg
Heav . _ ' _ | Y
- ™E lemznts Bogﬁfapture (gnpﬁggesss) = =p Catalytic Process: CN, Ne Na cycles |[——= Alpha decay or Fission
Proton Rich of : : ,
[SOTODQS Fic. I,2. A schematic diagram of the nuclear processes by which the synthesis of the elements in stars takes place. Elements
- H a-decay synthesized by interactions with protons (hydrogen burning) are listed horizontally. Elements synthesized by interactions with
(p'prOC ESS) fission alpha particles (helium burning) and by still more complica%ed processes are (liisteccli verticallg. The c[eta.lils <I)_f t%e ptroductiotn of
- i all of the known stable isotopes of carbon, nitrogen, oxygen, fluorine, neon, and sodium are shown completely. Neutron capture
Y process I . processes by which the highi]))r charged heavy elegments are synthesized are indicated by curved arrows. The production of ra.'dlo-
TFO ns bl S muth active Tc® is indicated as an example for which there is astrophysical evidence of neutron captures at a slow rate over long periods
( U Th etc ) of time in red giant stars. Similarly Cf2%, produced in supernovae, is an example of neutron synthesis at a rapid rate. The iron
E lemen 15 ! v group is produced by a variety of nuclear reactions at equilibrium in the last stable stage of a star’s evolution,



(747) « Process

These processes include the reactions in which_qo_

mnwmmmmm

24 128 32 36 40
i 148, This is also discussed in Sec. III.

The source of the « particles is different in the « process

than in helium burning.

(4v) e Process

This is the so-called equilibrium process previously
discussed by Hoyle (Ho46, Ho54) in which under con-

ditions of very high temperature and density the ele-
ments comprising the iron peak in the abundance curve
(vanadium, chromium, manganese, iron, cobalt, and

nickel) are synthesized. This is considered in detail
in Sec. IV.

(v) s Process

This is the process of neutron capture with the emis-
sion of gamma radiation (n,y) which takes place on a
long time-scale, ranging from ~100 years to ~10° years
for each neutron capture. The neutron captures occur

at a slow (s) rate compared to the intervening beta

decays. This mode of synthesis is responsible for the
production of the majority of the isotopes in the range
23< A <46 (excluding those synthesized predominantly
by the « process), and for a considerable proportion of
the isotopes in the range 63< 4 <209. Estimates of the

time-scales in different reoiong of the nentran-canture

(vi) ¥ Process

This is the process of neutron capture on a very short
time-scale, ~0.01-10 sec for the beta-decay processes

interspersed between the neutron captures._ The neutron

decays. This mode of synthesis is responsible for pro-
duction of a large number of isotopes in the range
70<A4<209, and also for synthesis of uranium and
thorium. This process may also be responsible for some
light element synthesis, e.g., S*, Ca*, Ca*®, and perhaps
Ti*, Ti*®, and Ti%. Details of this process and the results
of the calculations are discussed in Secs. VII and VIII.

The r process produces the abundance peaks at 4 =80,
130, and 194.

(vit) p Process

This is the process of proton capture with the emis-
sion of gamma radiation (p,y), or the emission of a neu-
tron following gamma-ray absorption (vy,#), which is
responsible for the synthesis of a number of proton-rich

isotopes having low abundances as compared with the
nearby normal and neutron-rich isotopes. It is discussed
in Sec. IX.

(viiz) x Process

This process is responsible for the synthesis of deu-
terium, lithium, beryllium, and boron. More than one
type of process may be demanded here (described col-
lectively as the x process), but the characteristic of all
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Luminosity

Ohm’s law inacircuit,I = V /R,

in electromagnetics, J [current density] = o [conductivity] E [electric field]
In hydraulics, [flow] « [pressure gradient] / [resistance]

d (% aT 4) /dr
L ~ 4mR?
Kp (unit) Pressure = |[energy]| / |[volume]
, 4aT>dT

~ 4R —

3 kp dr
R2T3 4T Blackbody radiation
~ Energy density u = aT*
kp dr Radiation pressure P,,q = (1/3)u




dr(r) 3kpL(r)

For a given structure, dr 4ac 4mr?Ts3

dT T, uGM
e A T

R2T*/R R*T* R* (,uGM)4

L~ ~ ~
k(M/R3) kM M\ R

,LL4G4M3
K

L~




The opacity kK = k(p, T, 1)

] For solar composision, Kramers opacity

ko~ pT > valid for 10-10° K.
SO K~ /,L_3'5G_3'5M_2'5R0'5

and | 7, ~ ,LL7'5G7'5M5'5R_0'5

O For high-mass stars, i.e., high temperature and low density,

opacity by electron scattering

k=0.2(14+ X) cm®g '= const.

and L ~ p*GMP




Mass-luminosity relation for main-sequence stars

Log(L/Lo)

6_.

Prianik Fig. 1.6
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GM
T. ~ Be7
R

SoforagivenT,,M — R 1 L (o< R?

and T
MLR L Tesr) off

Main sequence is a run of L and T,¢r as a function
of stellar mass, with 7. nearly constant.

Why T, = constant?
Because onset of H burning ~107 K
regardless of the stellar mass



The main sequence

Recall for low-mass stars, L « M>> R=%> pp chain g « p. T*

The energy-generation equation,
dL

—— = 4mripeq
M\* (M\* MS
3 4_ p3 _
:>LOCR[)CT R (R3) (E) —F
R~MY13 . Stellar radius < very weakly on the mass

L~M71/13 ~ M55 Stellar Luminosity < strongly on the mass



The main sequence in the HRD

Recall for low-mass stars, L o< M>> R™%> pp chain g « p. T*

The energy-generation equation,

dL 4
— = 4mrlp. q
2 4 6
3 T4 R3 ﬂ M — M_
= L < R3p? PE ] T R7
R~MY13 .. Stellar radius varies weakly with the mass

L~M71/13 ~ M55 _ Stellar Luminosity varies strongly ...

In the HRD, L « R? T — [981/1007 o T4
orlogl = 4logT, + const (i.e., constant radius)



For high-mass stars, L oM 3’ 3 GAIA'S HERTZSPRUNG-RUSSELL DIAGRAM
CNO cycle g o« p. T

30000 7000 5000 4000 3000 Surface temperature (K)
L 1 1 I 1

76/9 ol‘B A e K M Stellar type
Then, M15 o« R1%,s0 L o T.% - -
orlogl =~ 8.4logT, + const "
That is, a steeper MS slope in the HRD
log L - "
Higher MS
o Lower MS
\ 15 -
- logT, [

Luminosity (L, ]



Main sequence with
different composition

data from Il
Schaller et al. (1992)

Less metals = lower opacity

-> more compact envelope
and denser cores 2 T, T,L 1

X =070 -~
ZAMS for T

ZAMS to the left and higher

log T,

De Boer & Seggewiss, Fig 6.7
data from Schaller+92 g9



Main Sequence Lifetimes

TNuclear

x M~*> (for low-mass stars)
or
x M~4 (for massive stars)

Calibrated with the Sun.

X

M
L
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Main-Sequence Lifetime of the Sun

Energy Gained in a PP Chain

M@ ~ 2 x 1033 [g]
Lo = 4 x 1033 [ergs/s]

* 4H - 1 He + neutrinos + energy

Mass of 4 H =6.693 x 10?7 kg
— Mass of 1 He = 6.645 x 1027 k
Mass deficit 9 0.048 x 10727 kg = 0.7% Fusion efficiency

Nuclear Stellar
\ I
0.007)(0.1) c?
( L)( )¢ _ = 3.15 x 1017[s] = 101° [yr]
O

Given Lys/Lo ~ (M/Mg)™~ - t™5~ 1010 (Mg /M)*” [yr]




Energy can be transported by conduction or
convection, or radiation.

Conduction: by microscopic collision of particles
and movement of electrons.
Flux density [erg/s/cm?] = —kVT

Convection: by bulk motion of particles in a fluid
(gas or liquid): advection (F ) (directional flow of

energy) OF diffusion (##k ) (non-directional along a
concentration gradient).

Convection does not happen in solids.

Stars transport energy by either radiation or
convection. Conduction Is effective only In
compact objects, e.g., in isothermal cores in WDs.




Convective equilibrium (stability vs instability)

Convection takes over? When an element moves vertically,
does it continue to move? Key: Temperature gradients

Element maintaining pressure equilibrium with
surrounding, P, = P,, ideal gas law — p,T, = p,T,,

Consider an element cell floats upwards
phe If p, > py (or T, < T,) — sink back; no convection

T, < T,

To have convection, the element (rising adiabatically)
H should cool slower than the surrounding (in

radiative equilibrium), i.e.,
Py, Ty, p1 dT dT dT dT
(&) roment < (&) or (&) < ()
dr/ element dr/ surrounding ar/ ad ar/rad



Compared with the

Surrounding temperature
\f’cmf. ?«rad?u* a0 Smealley vhan gradient

——\> Cenveetrreont sets 'n when Hhe as(iabeatic

‘ff”"P- 9,‘,(3“3( by redative qu:(.

he, ((.‘fl & ey ) Radiation can no longer transport
o e S B the energy efficiently enough
=» Convective instability

For an adiabatic process, PV' = constant

The rising height is typified by the mixing length £, or
parameterized as the scale height A, defined as the pressure (or
density) varies by a factor of etimes. Usually 0.5 < ¥/, < 2.0 .



. L
ar - ’"/r _ dénT
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e
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Convection takes place when the temperature
gradient is “sufficiently” high (compared with
the adiabatic condition) or the pressure (d_T> - (d_T)
dr
d rad

gradient is low enough. r),

Such condition also exists when the gas (d In T) g (d In T)
absorbs a great deal of energy without dinpPj/ . \dlnP/ .
temperature increase, e.g., with phase change

or ionization Vi

=>» when ¢y is large or y is small y=_t1

In meteorology, dry and cool air tends to be stable, whereas wet and warm
air (smaller gamma values) is vulnerable to convection = thunderstorm
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Note that for an adiabatic process for an ideal gas
O P =nkT « pT
dP _dp dT

So — = —~ 4
°P T, 7T

And recall again

v nk =c, — ¢,

vy = o 1n/2 _ 1 +3,herenis d.o.f.
Cy n/2 n

v Noten 7,y
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Convection occurs when Vi.,q4 > Va4

That is, when V,.,4 is large, or
when V4 is small.
dT L, kp

Vrad = dr _ r2oT3

To recap

Vig =1 — ;, where y = Cp/cv

- V,q small = ¢, large =» H, dissociation (PMS Hayashi tracks)
H ionization, T~6,000 K

He 1onization, T~20,000 K

He Il ionization, T~50,000 K




lonization satisfies both conditions because
1. Opacity 1

2. e receive energy — d.o.f. 7,s0y N — V4 N
= susceptable to convection

=» Development of hydrogen convective zones inside stars.

Similarly, there are 15t and 29 helium convective zones.



Pulsating stars: Cepheids, RR Lyrae stars, Delta Scuti stars

Changes in the stellar radius = varying temperature and
luminosity; radial/nonradial ... regular/irregular

Kappa (opacity) mechanism (tddington/ionization valve)

Normally, k Nvas T 7 (recall kxramers X 0/T3)

squeezingastar=> T /7 = k Ny = energy escapes = T Y = expansion
Self-regulated value

Butwhenk 2asT 7 contraction=T 7=k 7 = keep contracing

= until P TT = expansion (cyclic = pulsation)

lonization of He (or heavier elements)
or H: Mira, rapidly oscillating Ap stars (roAp), ZZ Ceti,




For a very low-mass star (M < 0.4 M, ), ionizationof H (0 2

and He leads to a fully convective star c/ Z{b
=» H completely burns off > ared dwarf to become a black dwarf

For a sun-like star, 1onization of H and He, and also

the large opacity of H~ ions =» a convective envelope  © O
(outer 30% radius) %

=» H core burns out - expelled envelop (PN) and a white dwarf Q0 ©

For a massive star (M = 1.2 M), the core produces N I Vs,

fierce amount of energy (via CNO) = a convective core
=» a large fraction of material to take part in the

thermonuclear reactions / l .




Interiors of Binary Star System
Gliese 752

Gliese 752B (VB10)
Thermal Structure

;/ Jupiter
‘ to scale

Gliese 752A
Thermal Structure

Gliese 752A

Rotation and Magnetic Dynamo

Standard Maodel

A binary system at 5.74 pc. Gliese 752A (=Wolf 1055) is an M2.5 red dwarf (mass ~0.46
solar, m;~9.13), whereas Gliese 752B (VB 10) is an M8V (mass ~0.075 solar, my~17.30).
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Low-mass (T Tauri stars) are convective during the early pre-main
sequence phase (Hayashi tracks; contracting, elevated chromosphere).

Ultra-cool dwarfs are fully convection; they are magnetically active.

0.200
0.175
0.150
0.125 1

('8
% 0.100
<

0.075 1

0.050 1
0.025 1
0.000 1

3070 3080 3090 3100 3110 3120 3130 3140 3150
BID - 2454833(d)

Lin CL+21
108



Henyey track | Radiative Dynamical collapse > quasi-static contraction

, | O half E, . becomes particle Ey;, (internal

grav

’, energy); half radiated away

bt
3

— Hayashitrack | [ Matter from optically thin to thick
Convective —> thermodynamical equilibrium,
T d — Tkin

ra

O Energy used for ionization (for H,
7< 10* K), so the surface temperature
remains almost constant.
The protosun ~60 R,

10" 1 AL | 1 L. 1 | |

Effective temperature, 10°°K D D burning; fully Convective

Fig. 5-1 The path on the H-R diagram of the contraction of the sun to

the main sequence. The interior has become sufficiently hot to burn

deuterium after about 10% years. The contraction ceases near the main " " "

sequence when the core has become hot enough to replenish the solar 9 H ayaShl tra Ck (nearly Ve rtlcal ln H RD)
luminosity with the thermonuclear power generated by the fusion of

hydrogen into helium. ([After D. Ezer and A. G. W. Cameron, The Con-
traction Phase of Stellar Evolution, in R. F. Stein and A. G. W. Cameron

O Eventually a radiative core develops

Check out http: //www.peripatus.gen.nz/Astronomy/HerRusDia.html for a good summary 109
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A smal
M/ :> aller outer

v ecty n
Convec five For the Sunl conv rvwe Ztng

mly Z7, sclar maso below> the
/ F’w-fos,ﬂwere

1.0 IS -
RS

0830

T

063

m/M

0.4

.‘ Q'
e

a h&o X Yoyl
LS eb e
M X 6.3 Mg 02 et SRS P
e ")

G I NERI L oo

(3 v it o i ‘:;‘.PJ 2

" ~ 3o e 122 SIS I AT K2

Star {u”y Omvec‘f:vﬁ 0 o , )ﬁ%ﬁﬁf%\f e .}33»%?
-0.4 0 0.4 0.8 1.8 1.6

Figure 8.4 The extent of convective zones (shaded areas) in main-sequence star models as

a function of the stellar mass [adapted from R. Kippenhahn & A. Weigert (1990), Stellar
Structure and Evolution, Springer-Verlag].
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Subdwarfs: The Pop 11 Main Sequence

-15

€ Luminosity class VI 10 o
® 1.5 to 2 mag fainter than a Pop I 3 S‘;zhtgtt *
MS star of the same spectral type o - 5ubgiamiu
€ Low metallicity = low opacity bsolite | jain sequence 3
- (UV excess) = low radiation i .
pressure, so smaller, hotter for a0 .
the same stellar mass v

+15

Hertzsprung—Russell diagram

“OTBIATFIGIKIMILI|T
Spectral type

+2




T/10° K

Temperature Distribution of the Sun

/ center, 15.7 Tg

20

15

— B Radiation
Radiative n

10 Zzone
Convective
5
Fusion
core
0
0 0.2 0.4 0.6 0.8 1.0
R/R

https://en.wikipedia.org/wiki/Sun



M/ M

1.0
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0.6

0.4

0.2

Mass Distribution of the Sun

0.2

0.4

R/R

0.6

0.8

1.0
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Pressure Distribution of the Sun

300

200

p/109bar

100

R/R

118



p / glcm?
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Density Distribution of the Sun

0.2 0.4 0.6 0.8
R/R

1.0
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Along the ZAMS, M, < R,, so the - > | |

central density o
p, X M,/R3 < M ? =
~
That is, lower-mass MS stars are .
denser at the cores 2
—> to provide sufficient pressure “éi
So temperature may never get "
high enough for H fusion g
o

—> Degeneracy important ' : :

Time log ¢ (yr)

Stahler & Palla, Fig 16.12 120
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Density profile --- p increases toward center.

For 1 My,
p(0) = 10°gcm™>

l 4 p(Rp) = 1077 gcm™3
gp
19 For 10 M, p(0) 10X lower
r M=ip;
O
B \
S || S R S — 1 ] 1 L1\
0 05 ]

m/M 122



Temperature profile --- T increases toward center.

For 1 Mo,

75k 10 Mg T(0) ~ 1.5 x 107 K
T(Rg) ~ 5800 K

IgT [ o
70

6‘5 L | | 1 e Y
1
0 05 /M

For more massive stars, the center: (1) hotter,
(2) less dense, and (3) higher pressure




Energy generation rate --- g increases toward center.

LI q sensitive to T + T gradient

lge N More concentrated for higher M:
Yy, CNO in the core, p-p in the outer
. S parts (slope as in low-mass stars)
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Mass-radius relation

In general, M, 7/ = R, /7 IgR /R

1.0
There is a slope break f S 24
near M, =~ Mg because of o i
the structural changes. o :
OM<12Mg,ppchain [ -
=>» aradiative core i
O L L bl L s g MyM,

OM>1.2 M@; CNO Cycle ~10 05 0 05 1.0 15

Fig.22.2. The line shows the mass-radius relation for the models of the zero-age main sequence
plotted in Fig.22.1. For comparison, the best measurements (as selected by POPPER, 1980) of main-

9 StI'O ng T dep en den Ce sequence components of detached (dots) and visual (triangles) binary systems are indicated
-> steeper T gradient | |
_ Kippenhahn & Weigert
=» a convective core e







- T T 1
Mass-luminosity relation In general, M, » = L. 7

Slope varies with respect
to different mass ranges.

Overall,

I M 3.5

Lo \Mg

| W WO TN TR WY (NN SN NN NN WY Y SN VN SO SUN NN SN SN SNNN NN SN SN S N R G
210 -05 0 05 10 15 - 19M/Mo

Fig.22.3. The line gives the mass—-luminosity relation for the models of the main sequence shown
in Fig.22.1. Measurements of binary systems are plotted for comparison (the symbols have the same
meaning as in Fig. 22.2)
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Radiation Pressure versus Gas Pressure

Pyas o T balances self-gravitation OK; but P,q < T* so as
stellar M /», T. 7 = Pyyq 7/

P.,4 plays an ever dominant role in more massive stars.

Prag = Pgas around 5 Mg

— A limit when P,,4 predominates
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o WO Gas pressure Radiation pressure
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Maximum Radiation Pressure
dtcGM B 47TCGMmp

L < Lggq = (assuming 1onized H)
K OoT
~ 3.2 x 10* (3@) [Lo] = 1.26 x 10°° (M%)) [erg/s]

This is the Eddington limit.

If L > Lggq =2 hydrostatic equilibrium is violated
-> super-Eddington luminosity = stellar wind
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Stellar Mass Upper Limits

L~ M?3
LEdd 1.26 X 1038 <L*

1/3
T T I 1053 ) - L,~5x%x10°Lg » MP* = 170 M,
©

Lo

Observationally, there seems indeed a limit,
e.g., Eta Carina, ~150 + 50 M,

Pop I Pop II Pop [11
Lgqq < K, SO Lpgq < Lgqq Lpqa (=300 Mgp)
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Stellar Mass Lower Limits
Highly sensitive to temperature.

Below about at 5 T, the rate becomes too low to supply energy
(recall the Gamow peak).

This corresponds to about 0.1 Mg;
more precise modeling leads to =0.08 Mg,.

There could be stars in which only the first two stages of the p-
p chain occur, so the stars will accumulate %He in the interior.

Stars have masses ranging from ~0.1 to ~100 solar masses.



Time Scales

Different physical processes inside a star,

e.g., nuclear reactions (changing chemical composition) are
slow (longer time scales); structural adjustments (dP/dt)
take places on relatively shorter time scales.

v Dynamical timescale
v Thermal timescale
v" Nuclear timescale

v" Diffusion timescale



Dynamical Timescale

perturbation adjustment

hydrostatic equilibrium > motion > hydrostatic equilibrium
Free-fall collapse
. L GM, 1 dP
Equation of motion # = == —
r o dr
, y GM 1 dP
Near the star’s surfacer = R,M,, = M,sOR = —— — - —
R 0 dR
. y GM
Free-fall means pressure <« gravity, sOoR =~ — Y
Assuming a constant acceleration R = —(i? / 2) Tf, SO
) L 1/2
Tep = (ZRB/GM) /2 = . iz 0.04 (,DT@) [d]
(gnGﬁ) p 136




Stellar Pulsation

The star pulsates about the equilibrium configuration

—> same as dynamical timescale

Tpulsation X 1/\/5

Propagation of Sound Speed (pressure wave)

Pressure induced perturbation,

R GM 1 dP 1 dP 1 P

2 R? ' o dR o dR ©R

R/szf: ——=—+4 -
SO Ti ~ % ~ ¢, (sound speed) « /T (for ideal gas)
ff
In general, 74y, = ~ 16X107
» tdyn ~ \/: Jn

— . — — . — —

s] = 1000 (i)g (@

N




Thermal Timescale
Kelvin-Helmholtz timescale (radiation by gravitational
contraction)

1 1 5
Etotal = Egrav Ethermal = > Egrav =—5a GM*/R

This amount of energy is radiated away at a rate Z, so timescale
Ty = —22 = ~q GM? /RL
=2 x 107 MZ/RL [yr] in solar units

Ty = 2 X 107 (Mi)z (R?@) (LQ) lyr]
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M=1]V[®,R=1pc M=1M@,R=1R@

Tayn ~ 1.6 X 107 yr Tgyn = 1.6 X 10° s = 30 min

.~ ~ 7
Tther = 1 yr Tther =~ 3x10 yr
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Nuclear Timescale
Time taken to radiate at a rate L on nuclear ener

4'H - *He (Q = 6.3 x 10'%erg/g)

nuc

18M
Thuc 7 = 6.3 X 10 f

8Y

~ 1011 (M) (Lo
Tnuc = 10 (M@)(L

From the discussion above, Ty,¢ > Tky > Tayn




Mario Schonberg THE ASTROPHYSICAL ]OURNAL

(1914 Brazil - 1980) AN INTERNATIONAL REVIEW OF SPECTROSCOPY AND
ASTRONOMICAL PHYSICS

VOLUME 96 SEPTEMBER 1942 NUMBER 2

ON THE EVOLUTION OF THE MAIN-SEQUENCE STARS

Subrahmanyan Chandrasekhar : M. SCHONBERG! AND S. CHANDRASEKHAR
(1910 India - 1995 USA) ABSTRACT

The evolution of the stars on the main sequence consequent to the gradual burning of the hydrogen in
the central regions is examined. It is shown that, as a result of the decrease in the hydrogen content in
these regions, the convective core (normally present in a star) eventually gives place to an isothermal
core. It is further shown that there is an W to the fraction of the total mass of
hydrogen which can thus be exhausted. Some further remarks on what is to be expected beyond this
point are also made.

The Schonberg-Chandrasekhar limit e 0.37( £ )2 ~ 1015 T mr.-+y>
--- the maximum mass of a fusion-less M e

stellar core that can support against Take ioni 2ed %{:,;‘gnv 5 pure He aw corg ucpsu
gravitational collapse M~ 8~9% M U ~ 2 ug

Beech 1988



An isothermal core cannot exceed ~10% of the total stellar
mass, for otherwise the core cannot support the gravitational
pressure of the envelope, and the core contracts.

No longer isothermal; T increases; if = 108 K, He is ignited.

The core determines the stellar evolution (fate); the envelope
follows.



Main-Sequence Lifetime of the Sun

Energy Gained in a PP Chain

M@ ~ 2 x 1033 [g]
Lo = 4 x 1033 [ergs/s]

* 4H - 1 He + neutrinos + energy

Mass of 4 H =6.693 x 10?7 kg
— Mass of 1 He = 6.645 x 1027 k
Mass deficit 9 0.048 x 10727 kg = 0.7% Fusion efficiency

Nuclear Stellar
\ I
0.007)(0.1) c?
( L)( )¢ _ = 3.15 x 1017[s] = 101° [yr]
O

Given Lys/Lo ~ (M/Mg)™~ - t™5~ 1010 (Mg /M)*” [yr]




Diffusion Timescale

Time taken for photons to walk out randomly from the stellar
interior to eventual radiation from the surface

OThomson = 6.6525 X 1072° [cm?]

Thus, mean free path £ = 1/(oyn,), where (all cgs units)
N, ~ 10%%* (5 ~ 1.4); 1, =~ 10%° (p. ~ 150). £ = [0.015 .. 1.5] cm

Take £ ~ 0.3 cm, mean-free timet = (£/c) = 1071 s

Random walk, RMS distance after N steps d = VN ¥.
Letd =Ry — N = 5 x 104°.
Tqief = Mean free time X steps = 7 N =~ 10* [yr]



Present Sun

300 Stellar Interiors

\ 9
LIl 4.5 X10% yr
o i p. =158 gm cm-3
Pe = 20 S 0 o

0.8 T,=15.4 X105 °K

0.7
0.6 - T/T,
0.5
0.4
“Ar plp,
0.2}

0.1

| | i | | § 1 |
0 Q.02 03 04 0.5 06 07 08 09 1.0
M,/M

Fig. 7-11A A Model Solar Interior. Density relative to the f:ent}'al dens.ity
plpe, temperature relative to central temperature T/T., net luminosity r.e]atwe
to total luminosity L,/Lo, and hydrogen abundance X are shown as functions of
fractional mass M,/M. The chemical composition is X = 0.730, ¥ = 0‘2,45’ and
Z = 0.025. The age is 4.5 _x_10° years. [After S. Torres-Peimbert, E. Simpson,

and R. K. Ulrich, 1969 (329).] ,
XC =0.376

At ZAMS, X is homogeneous.

n
307 Stallar Evolution Sun on the mai

8 SQ,%MW(_Q

T, (107)
1 o, (107

0 l | I | L I 1
0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0
¢ (units of 10° yr)

Fig. 7-11B The Evolution of the Sun during 7 Billion Years. Total Iuminosity L
and central values of pressure P,, temperature T, density p., and hydrogen abun-
dance X are shown as functions of time #, which is measured from the initial
(homogeneous) state for which the composition is X = 0.730, Y = 0.245, and
Z = 0.025. The power of ten by which each value must be multiplied is indicated in
parentheses. The values of P, p., and L are expressed in cgs units, and T, is

expressed in degrees Kelvin. [After S. Torres-Peimbert, E. Simpson, and R. K.
Ulrich, 1969 (329).]

Paeg ~ 017 Prorak ot ZAMS

0.07% 9.2 x:oqyr
(Fq7-t08)
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Phase Diagram of Water

p — T diagram

3

Te ‘Mplfa'fure ( OC)
o
:
|
\
\
\
l
'
!
!

‘ Mars veqims |

/
- (ot sol ‘A
- ! f 0 !
bee) o©.e) 0.} / (o lee Joee

Vaper pressure g water
¢ M:”t‘b‘rs )

146



Pideal gas xXp T/,Ll

PNR

p 5/3
edeg = 1.00 X 10" (—) [cgs]

Ue

p 4/3
Py, = 1.24 x 10" (u—) [cgs]

1

PradzgaT4

Non-Relativistic, Non-Degenerate (i.e., ideal gas)

Non-Relativistic, Extremely Degenerate

Extremely Relativistic, Extremely Degenerate

li-Relativistic degeneracy

Pe. deg = P - deg

il.Degeneracy

S
,?e»de :

e \C*Ca\,
I ideal gas

Log [p(g cm-3)]

Log [T(K)]

Figure 7.1 Mapping of the temperature-density diagram according to the equation of state.
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]()gp — 15 lOg T _|_ const I1l. Relativistic degeneracy
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IV. Radiation pressure
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The internal
constitution of
the stars

DIFFUSE MATTER IN SPACE 393

To recall Kelvin’s classic phrase, there are two clouds obscuring the
theory of the structure and mechanism of the stars. One is the persistent
discrepancy in absolute amount between the astronomical opacity and
the results of calculations based either on theoretical or experimental
physics. The other is the failure of our efforts to reduce the behaviour of
subatomic energy to anything approaching a consistent scheme. Whether
these clouds will be dissipated without a fundamental revision of some
of the beliefs and conclusions which we have here regarded as securely
established, cannot be foreseen. The history of scientific progress teaches
us to keep an open mind. I do not think we need feel greatly concerned
as to whether these rude attempts to explore the interior of a star have
brought us to anything like the final truth. We have learned something
of the varied interests involved. We have seen how closely the manifesta-
tions of the greatest bodies in the universe arelinked to those of the smallest.
The partial results already obtained encourage us to think that we are
not far from the right track. Especially do we realise that the transcend-
ently high temperature in the interior of a star is not an obstacle to
investigation but rather tends to smooth away difficulties. At terrestrial
temperatures matter has complex properties which are likely to prove most
difficult to unravel; but it is reasonable to hope that in a not too distant
future we shall be competent to understand so simple a thing as a star.

https://archive.org/details/ThelnternalConstitutionOfTheStars
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