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Photon “gas”

𝑃𝑅 =
2

𝑐
׬ 𝐼 cos2𝜃 d𝜔＝ Τ𝑎𝑇4 3 (for isotropic radiation)

Ideal gas
𝑃 = 𝑛 𝑘𝑇 =
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𝜇 𝑚𝐻
𝑘𝑇

Gas Equation of State   𝑃 = 𝑃 𝜌, 𝑇

In general, the pressure integral (momentum transfer) 
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… derivation in the momentum space



Electron Degeneracy
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…when temperature is exceedingly low

or matter is highly compressed









Sirius A and B by the HST

Sirius B and A by the Chandra 
Observatory



electron gas



Fermi-Dirac distribution for non-interacting, 
indistinguishable particles obeying Pauli exclusion principle; 
applicable to half-integer spin in TE.  Examples of fermions 
include the electron, proton, neutrons, and nuclei with odd mass 
numbers, e.g., 3He (2 e−, 2 p+, 1 n0)

Bose-Einstein distribution for particles not limited to single 
occupancy of the same energy state. i.e., that do not obey Pauli 
exclusion principle; with integer values of spin.  Example bosons 
include 4He, the Higgs boson, gauge boson, graviton, meson.
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A Fermi gas is called degenerate if the temperature is low 
in comparison with the Fermi temperature/energy.
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Chemical Potential (μ)

• Temperature governs the flow of energy between 
two systems.

• Chemical potential governs the flow of particles; 
from higher chemical potential to the lower.
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Fermi level 
⟶ Fermi energy; 

Fermi momentum 



Particle in a Box

𝛹 = 0 at the walls
De Broglie wavelength

𝜆𝑛 = Τ2𝐿 𝑛 , 𝑛 = 1, 2, 3, …

Since 𝜆𝑛 = Τℎ
𝑝 = Τℎ

𝑚𝑣 → 𝐸𝐾 = Τ1
2 𝑚𝑣2 = ൗ𝑚𝑣 2 2𝑚 =

ℎ2

2𝑚𝜆2

No potential  𝐸𝑛 = ൗ𝑚𝑣 2 2𝑚 =
ℎ2

2𝑚𝜆𝑛
2 =

𝑛2ℎ2

8𝑚𝐿2 =
1

2𝑚

𝑛2𝜋2ℏ2

𝐿2

cf. standing wave in a string

𝐿 = 1
2

𝜆, 2
2

𝜆, 3
2

𝜆, …
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Within the box, the Schrödinger equation,   

𝑑2𝜓

𝑑𝑥2 +
2𝑚

ℏ2 𝐸𝜓 = 0 → 𝜓𝑛 =
2

𝐿
sin

𝑛𝜋𝑥

𝐿

At the center, 𝜓1, 𝜓3 probability max
𝜓2 probability = 0

c.f. classical physics: same probability everywhere in the box
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Fermi energy: the highest energy level filled at temperature zero

𝜀𝐹 =
ℏ2

2𝑚

𝜋 𝑛𝐹

ℓ

2
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Phase of matter Particles 𝑬𝑭 𝑻𝑭 = Τℇ𝑭 𝒌𝑩[ K]

Liquid 3He atoms 4 × 10−4eV 4.9

Metal electrons 2−10 eV 5 × 104

White dwarfs electrons 0.3 MeV 3 × 109

Nuclear matter nucleons 30 MeV 3 × 1011

Neutron stars neutrons 300 MeV 3 × 1012

Fermi energy of degenerate fermion gases

𝜀𝐹 =
ℏ2

2𝑚𝑒
3𝜋2 𝑛𝑒

ൗ2
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Considering the problem in terms of momentum , i.e., in the 
momentum space. 
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Non-relativistic

Pressure and Momentum

𝑷 =
1
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In the non-relativistic case

In the extremely relativistic case    𝓋  c in the pressure integral
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Gas Equation of State   𝑃 = 𝑃 𝜌, 𝑇

In general, the pressure integral (momentum transfer) 

𝑃 =
1

3
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For an deal gas 𝑃 ∝ 𝜌𝑇
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For a degenerate electron gas, 𝑃 independent of 𝑇, 

𝑃 ∝ 𝜌 Τ5 3 (non-relativistic)

𝑃 ∝ 𝜌 Τ4 3 (extremely relativistic)
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Phase Diagram of Water

𝜌 − 𝑇 diagram
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Non-Relativistic, Non-Degenerate (i.e., ideal gas) 

Non-Relativistic, Extremely Degenerate 

Extremely Relativistic, Extremely Degenerate

𝑷ideal gas ∝ 𝜌 𝑇/𝜇

𝑷𝑒,𝑑𝑒𝑔
𝑁𝑅 = 1.00 × 1013 𝜌

𝜇𝑒

Τ5 3

[cgs]

𝑷𝑒,𝑑𝑒𝑔
𝐸𝑅 = 1.24 × 1015 𝜌

𝜇𝑒

Τ4 3

[cgs]

𝑷rad =
1

3
𝑎 𝑇4
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Mass-radius relation for a degenerate electron gas

In the NR case, 𝑃 ∝ 𝜌 Τ5 3~
𝑀

𝑅3

Τ5 3

=
𝑀 Τ5 3

𝑅5
⟹ 𝑀𝑅3 = const

So 𝑀 ↗, 𝑅 ↘, 𝜌 ↗ ↗, electrons move ever faster.

log
𝑅

𝑅⨀
= −

1

3
log

𝑀

M⨀
−

5

3
log 𝜇𝑒 − 1.397

In the ER case, 𝑃 ∝ 𝜌 Τ4 3 =
𝑀 Τ4 3

𝑅4 , no solution between 𝑀 and 𝑅.

A mass limit for a degenerate electron body (white dwarf) 
Chandrasekhar limit     𝑀𝑊𝐷 ≲ Τ5.8 𝑀⊙ 𝜇𝑒

2

𝑃~
𝑀2

𝑅4
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https://esahubble.org/images/opo0210f/

https://esahubble.org/images/opo0210f/


Kalirai 2010

GC NGC 6397 
(~12 Gyr) 
by the HST 

WD cooling: 
11.47 ± 0.47 Gyr

Turn-off ~16 mag, 0.8 M⊙

MS complete ~26 mag, 0.092 M⊙

Detection limit 
~30 mag, 0.083 M⊙


